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ABSTRACT

Two Novel Efficient Algorithms for Parameterized Magnetohydrodynamic Flow Ensemble Simulation

(August 2023)

Julián Vicente Miranda, B. S., Mathematics; 2022

Chair of Committee: Dr. Muhammad Mohebujjaman

We propose, analyze, and test two efficient and accurate, fully-discrete algorithms for computing

the solution of stochastic magnetohydrodynamic (MHD) flow problems having random noises within

the initial conditions, boundary conditions, forcing functions, and viscosity parameters. The stable

decoupled algorithms use the Elsässer variable formulations and a decoupling of the ensemble MHD

system into two Oseen-type sub-problems for each realization. For each of the sub-problems, the first

algorithm uses a grad-div stabilization and ensemble eddy-viscosity terms in conjunction with penalty-

projection based splitting method and provides unconditional stability, and first order accuracy in time.

The second algorithm is second order accurate in timein practice, and optimally accurate in space. Both

algorithms are designed in a way that at each time step the finite element assembly of the system provides

the same coefficient matrix for each of the J realizations but with different right-hand-side vectors. The

stability and convergence theorems of both algorithms are ascertained rigorously. The numerical tests

are given to support the predicted convergence rates using some manufactured analytical solutions.

Finally, we test the penalty-projection scheme on benchmark channel flow over a step, and a regularized

lid-driven problems, and found it works well.
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1 Introduction

Magnetohydrodynamics (MHD) is the study of the interaction of electrically conducting fluids and

imposed magnetic fields. When an electrically conducting fluid, such as an ionized gas or liquid metal,

moves in a magnetic field, the magnetic field polarizes the fluid which induces a current density in the

fluid and creates a second magnetic field. This second magnetic field adds to the original magnetic field

and changes the magnetic field. This resultant magnetic field interacts with the induced current density

and creates a force that opposes the movement of the flow. One of the major benefits of utilizing MHD

flow is that it requires no moving parts to produce a flow in the electrically conducting fluid.. Such

precision is necessary for many applications such as weather forecasting [28, 34], liquid metal cooling of

nuclear reactors such as the Tokamak [5, 18, 40], process metallurgy [11, 12], artificial heart [44], and

MHD propulsion [30, 31].

Fig. 1.1: The test device with an AC MHD blood pump a: the general schematic of the experimental
device; b: Longitudinal view of the pump body; c: the pump body is schematic diagram and internal
structure diagram. [44]
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Fig. 1.2: Magnetohydrodynamics of liquid-metal flow in channels. [5]

One of the many applications of MHD can be used to simulate plasma propulsion [2, 39, 41].

Electromagnetic plasma propulsion systems offer high exhaust velocities and produce higher thrust

densities than space-charge limited electric propulsion systems [39]. These systems use magnetic fields

to accelerate and expel plasma, enabling efficient propulsion within a vacuum. Another use of MHD

can be seen in the field of geophysics [7]. MHD can be observed within the Earth’s fluid core causing

geomagnetic field generation. The MHD system is presented as the nonlinear coupling of the momentum

equation to the Maxwell’s equation of the magnetic field.

We will be using the following system of governing equations from [6, 26] to formulate the governing

equations for our stochastic MHD system:

ut + (u · ∇)u− s(B · ∇)B − ν∆u+∇p = f, (1.1)

∇ · u = 0, (1.2)

Bt + (u · ∇)B − (B · ∇)u− ν,∆B +∇λ = ∇× g , (1.3)

∇ ·B = 0. (1.4)

In order to present a realistic MHD flow model, random noise in the initial and boundary conditions,

forcing functions and diffusion parameters must be considered. To approximate the randomness and
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produce accurate solution statistics of the stochastic MHD system, we consider J time dependent,

nonlinear coupled systems of PDE’s [6, 11, 26, 36] as follows:

uj,t + uj · ∇uj − sBj · ∇Bj − νj∆uj +∇pj = f j(x, t), in Ω× (0, T ], (1.5)

Bj,t + uj · ∇Bj −Bj · ∇uj − νm,j∆Bj +∇λj = ∇× g j(x, t), in Ω× (0, T ], (1.6)

∇ · uj = 0, in Ω× (0, T ], (1.7)

∇ ·Bj = 0, in Ω× (0, T ], (1.8)

uj(x, 0) = u0
j (x), in Ω, (1.9)

Bj(x, 0) = B0
j (x), in Ω, (1.10)

where uj , Bj , pj , and λj denote the velocity, magnetic field, pressure, and artificial magnetic pressure

solutions, respectively, for each j-th candidate of the ensemble utilizing different initial conditions u0
j

and B0
j , kinematic viscosity νj , magnetic diffusivity νm,j , and forcing functions f j , and ∇ × g j . The

index j = 1, 2, · · · , J , and J represents the number of realization used to approximate the randomness

of the data. The convex polygonal or polyhedral simulation domain is denoted by Ω ∈ Rd(d = 2 or 3)

with boundary ∂Ω, t is the time variable, T is the simulation time, x is the spatial variable, and s is

the coupling number. We will consider homogeneous Dirichlet boundary conditions for simplicity of our

analysis.

One of the main difficulties in simulating MHD flow is solving the fully coupled systems (1.5)

to (1.10) (together with the appropriate boundary conditions), where the velocity and magnetic fields

are nonlinearly coupled through the coupling parameter s. Computing long-time simulation in the

convection-dominated regime with high spatial resolution of a fully coupled MHD system (even assuming

no noise present in the data) is computationally challenging and quite demanding even with the advanced

super computing facilities. As the common decoupled algorithms often fail unless a very small time-step

size is used. To avoid this issue, an excellent idea was proposed by Trenchea in [42] which decouples the

MHD system rewriting them in terms of Elsässer variables, which greatly decreases the computational

complexity within the system [13, 14, 29]. Studies have shown that MHD systems with Elsässer variables

allow us to propose decoupled stable simulation algorithm [1, 19, 35, 36, 42, 43], thus decreasing the
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computational cost. The following substitutions are used to get the Elsässer variables formulation:

vj := uj +
√
sBj ,

wj := uj −
√
sBj ,

f 1,j := f j +
√
s∇× g j ,

f 2,j := f j −
√
s∇× g j ,

qj := pj +
√
sλj ,

rj := pj −
√
sλj ,

together with the initial and boundary conditions to produce:

vj,t +wj · ∇vj −
νj + νm,j

2
∆vj −

νj − νm,j

2
∆wj +∇qj = f 1,j , (1.11)

wj,t + vj · ∇wj −
νj + νm,j

2
∆wj −

νj − νm,j

2
∆vj +∇rj = f 2,j , (1.12)

∇ · vj = ∇ ·wj = 0. (1.13)

The computational cost of the above system = J× one MHD system. We will be utilizing the

break through idea proposed by Jiang and Layton idea in [22] for computing ensemble average of the

solutions to reduce the large computational cost of (1.11)-(1.13). We will propose a decoupled scheme of

the system enabling the algorithm to solve two identical Oseen-type [46] sub-problems simultaneously

at each time-step. This will save on computer memory and system matrix assembly and factoriza-

tion/preconditioner are needed only once per time-step.

Computing long-time simulations of fully coupled MHD ensemble systems is computationally ar-

duous and expensive. Therefore, decoupled algorithms which can reuse the global system matrix at each

time-step for all J realizations are computationally attractive. First-order time-stepping partitioned al-

gorithms with small time-step restrictions are studied at low magnetic Reynolds number in a reduced

MHD system in [24]. Decoupled, and unconditionally stable algorithm for the evolutionary full MHD

ensemble system in Elsässer variables are investigated in [36].

This thesis will investigate three efficient algorithms for the Uncertainty Quantification (UQ) of

MHD flows. The fully discrete and decoupled first order in time ensemble scheme, grad-div stabilize

penalty projection finite element algorithm and implicit-explicit second order time-stepping ensemble

scheme (fully discrete θ-scheme). The first algorithms is our preliminary algorithm from [37]. We will

leverage this information to aid in the development of other algorithms and assess their accuracy and

convergence rates in comparison to this one. The other two algorithms each contain four subsections. We
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show each of their stability analysis, convergence, numerical experiments, convergence rate verification,

and finally their appropriate tables and figures. Following these sections, we will show tables comparing

the convergence rates between the BE-MHD and SPP-FEM algorithms.

1.1 Notations and Preliminaries

The usual L2(Ω) norm and inner product are denoted by ∥.∥ and (., .), respectively. Similarly, the Lp(Ω)

norms and the Sobolev W k
p (Ω) norms are ∥.∥Lp and ∥.∥Wk

p
, respectively for k ∈ N, 1 ≤ p ≤ ∞. The

Sobolev space W k
2 (Ω) is represented by Hk(Ω) with norm ∥.∥k. The vector-valued spaces are defined

by

Lp(Ω) = (Lp(Ω))d, andHk(Ω) = (Hk(Ω))d.

ForX being a normed function space in Ω, Lp(0, T ;X) is the space of all functions defined on (0, T ]×Ω

for which the following norm

∥u∥Lp(0,T ;X) =

(∫ T

0

∥u∥pXdt

) 1
p

, p ∈ [1,∞)

is finite. For p = ∞, the usual modification is used in the definition of this space. The natural function

spaces for our problem are

X : =H1
0(Ω) = {v ∈ Lp(Ω) : ∇v ∈ L2(Ω)d×d,v = 0 on ∂Ω},

Y : = {v ∈H1(Ω) : v · n̂ = 0 on ∂Ω},

Q : = L2
0(Ω) = {q ∈ L2(Ω) :

∫
Ω

q dx = 0}.

Recall that the Poincaré inequality holds in X. There exists C depending only on Ω satisfying for all

φ ∈X,

∥φ∥ ≤ C∥∇φ∥.

The divergence-free velocity space is given by

V := {v ∈X : (∇ · v, q) = 0,∀q ∈ Q}.

We define the trilinear form b :X ×X ×X → R by

b(u,v,w) := (u · ∇v,w),
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and the explicitly skew symmetrized trilinear form b∗ :X ×X ×X → R by

b∗(u,v,w) :=
1

2

(
(u · ∇v,w)− (u · ∇w,v)

)
.

Note that b∗(u,v,v) = 0, and if ∥∇ · u∥ = 0, then (u · ∇v,w) = b∗(u,v,w). Moreover, b∗(u,v,w)

satisfies the following bound [17]:

|b∗(u,v,w)| ≤ C(Ω)∥∇u∥∥∇v∥∥∇w∥, for any u,v,w ∈X. (1.14)

The conforming finite element spaces are denoted by Xh ⊂ X and Qh ⊂ Q, and we assume a

regular triangulation τh(Ω), where h is the maximum triangle diameter. We assume that (Xh, Qh)

satisfies the usual discrete inf-sup condition

inf
qh∈Qh

sup
vh∈Xh

(qh,∇ · vh)
∥qh∥∥∇vh∥

≥ β > 0, (1.15)

where β is independent of h. The space of discretely divergence-free functions is defined as

V h := {vh ∈Xh : (∇ · vh, qh) = 0, ∀qh ∈ Qh}.

Consider a shape-regular, simplicial, and conforming triangulation of Ω denoted as Th. In this con-

text, each simplex T in the triangulation has a diameter hT = diam(T ) and h := maxT∈Th
. We define Pk

as the space of piecewise polynomials with respect to the triangulation Th, where the degree does not ex-

ceed k. Additionally, we use Pk := [Pk]
d to represent the corresponding vector-valued polynomial space.

For simplicity of our analysis, we will use the Scott-Vogelius (SV) finite element pair (Xh, Qh) =(
(Pk)

d, P disc
k−1

)
, which satisfies the inf-sup condition under certain conditions, such as when the mesh

is created as a barycenter refinement of a regular mesh and the polynomial degree k ≥ d [3, 45]. Our

analysis can be extended without difficulty to any inf-sup stable element choice, although with minor

additional technical detail. Since the SV element is point-wise divergence free, the discrete pressure

terms vanish from the analysis. But if we use a finite element pair which is only weakly divergence free,

for example, the Taylor-Hood element, then we must need to handle the pressure involving terms in the

analysis. Since, in this case, the orthogonal property of the discrete pressure and velocity spaces may

not hold true.
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We have the following approximation properties in (Xh, Qh) [8]:

inf
vh∈Xh

∥u− vh∥ ≤ Chk+1|u|k+1, u ∈Hk+1(Ω), (1.16)

inf
vh∈Xh

∥∇(u− vh)∥ ≤ Chk|u|k+1, u ∈Hk+1(Ω), (1.17)

inf
qh∈Qh

∥p− qh∥ ≤ Chk|p|k, p ∈ Hk(Ω), (1.18)

where | · |r denotes the Hr or Hr seminorm.

We will assume the mesh is sufficiently regular for the inverse inequality to hold, and with this

and the inf-sup assumption, we have approximation properties

∥∇(u− PL2

V h
(u))∥ ≤ Chk|u|k+1, u ∈Hk+1(Ω), (1.19)

inf
vh∈V h

∥∇(u− vh)∥ ≤ Chk|u|k+1, u ∈Hk+1(Ω), (1.20)

where PL2

V h
(u) is the L2 projection of u into V h.

The following lemma for the discrete Grönwall inequality was given in [20].

Lemma 1.1. Let ∆t, D, an, bn, cn, dn be non-negative numbers for n = 1, · · ·,M such that

aM +∆t

M∑
n=1

bn ≤ ∆t

M−1∑
n=1

dnan +∆t

M∑
n=1

cn +D for M ∈ N,

then for all ∆t > 0,

aM +∆t

M∑
n=1

bn ≤ exp

(
∆t

M−1∑
n=1

dn

)(
∆t

M∑
n=1

cn +D

)
for M ∈ N.

1.2 Fully Discrete and Decoupled First Order in Time Ensemble Scheme

To solve the MHD system in (1.11) to (1.13) efficiently, a decoupled, fully discrete, first-order accurate

time-stepping algorithm is proposed in [31]. The algorithm is efficient because of its following features:

(1) It decouples the system (1.11) to (1.13) into two Oseen-type sub-problems, which can be solved

simultaneously and both have a much smaller block system matrix than the original MHD problem. (2)

The two sub-problems are identical. (3) At each time-step, each of the sub-problems, shares a common

system matrix for all of its realizations but with different right-hand-side vectors, which saves a huge

computer memory and assembling time. Thus, if we want to use a direct solver, the LU decomposition

(or its variant) of the system matrix needs to be computed only once at each time-step. On the other

hand, if we want to use Krylov subspace methods, the precondition we need to build only once at each
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time-step. Moreover, it can take advantage of the block linear solvers, and the computational cost could

be reduced to the level of solving a single MHD system without noise in the data.

Algorithm 1: Fully discrete and decoupled Backward-Euler MHD (BE-MHD) ensemble

scheme [37]

Given time-step ∆t > 0, end time T > 0, initial conditions v0j ,w
0
j ∈ V h and f 1,j , f 2,j ∈

L2
(
0, T ;H−1(Ω)

)
for j = 1, 2, · · ·, J . Set M = T/∆t and for n = 1, · · ·,M − 1, to compute as

follows:

Step 1: Find vn+1
j,h ∈ V h satisfying, for all χχχj,h ∈ V h:

(
vn+1
j,h − vnj,h

∆t
,χχχj,h

)
+ b

(
< wh >n,vn+1

j,h ,χχχj,h

)
+

ν̄ + ν̄m
2

(
∇vn+1

j,h ,∇χχχj,h

)
+
(
2νT (w

′

h, t
n)∇vn+1

j,h ,∇χχχj,h

)
=
(
f 1,j(t

n+1),χχχj,h

)
− b

(
w

′n
j,h,v

n
j,h,χχχj,h

)
− νj − νm,j

2

(
∇wn

j,h,∇χχχj,h

)
−

ν
′

j + ν
′

m,j

2

(
∇vnj,h,∇χχχj,h

)
. (1.21)

Step 2: Find wn+1
j,h ∈ V h satisfying, for all lj,h ∈ V h:

(
wn+1

j,h −wn
j,h

∆t
, lj,h

)
+ b

(
< vh >n,wn+1

j,h , lj,h

)
+

ν̄ + ν̄m
2

(
∇wn+1

j,h ,∇lj,h
)

+
(
2νT (v

′

h, t
n)∇wn+1

j,h ,∇lj,h
)
=
(
f 2,j(t

n+1), lj,h
)
− b

(
v

′n
j,h,w

n
j,h, lj,h

)
−νj − νm,j

2

(
∇vnj,h,∇lj,h

)
−

ν
′

j + ν
′

m,j

2

(
∇wn

j,h,∇lj,h
)
. (1.22)

Where vnj,h,w
n
j,h, q

n
j,h, and rnj,h denote approximations of vj(·, tn),wj(·, tn), qj(·, tn), and rj(·, tn),

respectively. The ensemble mean and fluctuation about the mean are defined as follows:

< uh >n: =
1

J

J∑
j=1

un
j,h, u

′n
j,h := un

j,h− < uh >n,

ν̄ : =
1

J

J∑
j=1

νj , ν
′

j := νj − ν̄, and

ν̄m : =
1

J

J∑
j=1

νj,m, ν
′

j,m := νj,m − ν̄m.

The eddy viscosity term, which is O(∆t), is defined using mixing length phenomenology, following
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[23], and is given by

νT (z
′
, tn) := µ∆t(lnz )

2, where (lnz )
2 =

J∑
j=1

|z
′n
j |2 is a scalar quantity, and | · | denotes length of a vector.

Assumption 1.1. Assume the true solution vj ,wj ∈ L2(0, T ;H2(Ω)). We also assume there

exists a constant C∗ which is independent of h, ∆t, and γ such that for sufficiently small h and ∆t, the

solutions of the Algorithm 1 satisfies

max
1≤n≤M

(
∥∇vnj,h∥L3 + ∥∇wn

j,h∥L3 + ∥vnj,h∥∞ + ∥wn
j,h∥∞

)
≤ C∗, for all j = 1, 2, · · · , J.

Define αj := ν̄+ ν̄m−|νj−νm,j |−|ν′

j+ν
′

m,j |, for j = 1, 2, · · ·, J , then the stability of the Algorithm

1 can be given as below [37]:

Theorem 1.2. Suppose f1,j , f2,j ∈ L2
(
0, T ;H−1(Ω)

)
, and v0j,h, w

0
j,h ∈H1(Ω), then the solutions

to the Algorithm 1 are stable: For any ∆t > 0, if αj > 0, and µ > 1
2

∥vMj,h∥2 + ∥wM
j,h∥2 +

ν̄ + ν̄m
2

∆t
(
∥∇vMj,h∥2 + ∥∇wM

j,h∥2
)
+

αj∆t

2

M−1∑
n=0

(
∥∇vnj,h∥2 + ∥∇wn

j,h∥2
)

≤ ∥v0j,h∥2 + ∥w0
j,h∥2 +

ν̄ + ν̄m
2

∆t
(
∥∇v0j,h∥2 + ∥∇w0

j,h∥2
)

+
2∆t

αj

M−1∑
n=0

(
∥f1,j(tn+1)∥2−1 + ∥f2,j(tn+1)∥2−1

)
.

It is proved in [37] that the discrete ensemble average solution to the Algorithm 1 converges to

the true ensemble average under assumed regularity assumptions. The theory shows that the first-order

temporal BE-MHD Algorithm 1 is optimally accurate for 2D and shows a sub-optimal convergence in

3D due to the introduction of the ensemble eddy-viscosity term.

Theorem 1.3. Assume (vj ,wj , qj , rj) satisfying (1.11)-(1.13) with regularity assumptions vj ,wj ∈

L2
(
0, T ;Hk+1(Ω)

)
, vj,t,wj,t ∈ L2

(
0, T,H2(Ω)

)
, vj,tt,wj,tt ∈ L2

(
0, T,L2(Ω)

)
for j = 1, 2, · · · , J ,

then the ensemble average solution (< vh >,< wh >) to the Algorithm 1 converges to the true ensemble

average solution: For any ∆t > 0, if αj > 0, and µ > 1
2 , one has

∥ <v> (T )− <vh>
M ∥2 + ∥ <w> (T )− <wh>

M ∥2 + αj∆t

2

M∑
n=1

(
∥∇
(
<v> (tn)− <vh>

n
)
∥2

+∥∇
(
<w> (tn)− <wh>

n
)
∥2
)
≤ C exp

(
CT

αj

(
1 +

∆t2

J

))(
∆t2 + h2k + h2k∆t2

+h2−d∆t2 + h2k−1∆t+ h2k+2
)
.
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The BE-MHD algorithm solves a saddle-point problem at each time, which leads to solve a 2× 2 block

system with stable finite element pair. This needs still a huge computation cost for computing ensemble

solution of realistic flow problems in the convection-dominated regime with high spatial resolution. This

motivates us to propose a more efficient penalty-projection based splitting algorithm.
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2 Grad-div Stabilize Penalty Projection Finite Element Al-

gorithm

Now, we present and analyze an efficient, fully discrete, and decoupled penalty-projection time stepping

scheme with grad-div stabilization terms for computing MHD flow ensemble. To introduce splitting, we

define an additional velocity space: Y h := (P k)
d ∩Hdiv

0 (Ω)d.

The importance and benifits of this algorithms includes 1) Step 1 (2.1) and Step 3 (2.4) can be

represented as A[x1|x2| · · · |xj ] = [b1|b2| · · · |bj ]. For direct solver, we need only one LU-factorization at

each time-step. 2) For iterative solver, we need to build preconditioner only once for each time-step

and can re-use for all realization. Moreover, can take advantage of block linear solvers. 3) For Step

2 (2.2) and Step 4 (2.5), the system matrix is symmetric-positive definite and can be solved by the

conjugate-gradient method. 4) The BE-MHD algorithm is useful since it solves velocity and magnetic

field separately, however the benefit of using the SPP-FEM Algorithm is that we will be solving for

velocity, magnetic field, and pressure separately. This will save time when computing the system ma-

trix, which is a very time consuming process. 5) As λ → ∞, SPP-FEM solution converges to BE-MHD

algorithm’s solution.

The scheme is defined below.
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Algorithm 2: Stabilized Penalty Projection - Finite Element Method (SPP-FEM)

Given time-step ∆t > 0, end time T > 0, stabilization parameter γ > 0, initial conditions

v0j ,w
0
j ∈ V h and f 1,j , f 2,j ∈ L2

(
0, T ;H−1(Ω)

)
for j = 1, 2, · · · , J . Set M = T/∆t and for

n = 1, · · · ,M − 1, to compute:

Step 1: Find v̂n+1
j,h ∈Xh satisfying, for all χχχj,h ∈Xh:

(
v̂n+1
j,h − ṽnj,h

∆t
,χχχj,h

)
+ b

(
< ŵh >n, v̂n+1

j,h ,χχχj,h

)
+

ν̄ + ν̄m
2

(
∇v̂n+1

j,h ,∇χχχj,h

)
+ γ

(
∇ · v̂n+1

j,h ,∇ ·χχχj,h

)
+
(
2νT (ŵ

′

h, t
n)∇v̂n+1

j,h ,∇χχχj,h

)
=
(
f 1,j(t

n+1),χχχj,h

)
− b

(
ŵ

′n
j,h, v̂

n
j,h,χχχj,h

)
− νj − νm,j

2

(
∇ŵn

j,h,∇χχχj,h

)
−

ν
′

j + ν
′

m,j

2

(
∇v̂nj,h,∇χχχj,h

)
. (2.1)

Step 2: Find (ṽn+1
j,h , q̂n+1

j,h ) ∈ Y h ×Qh satisfying for all (vj,h, qj,h) ∈ Y h ×Qh,

(
ṽn+1
j,h − v̂n+1

j,h

∆t
,vj,h

)
− (q̂n+1

j,h ,∇ · vj,h) =0, (2.2)

(∇ · ṽn+1
j,h , qj,h) =0. (2.3)

Step 3: Find ŵn+1
j,h ∈Xh satisfying, for all lj,h ∈Xh:

(
ŵn+1

j,h − w̃n
j,h

∆t
, lj,h

)
+ b

(
< v̂h >n, ŵn+1

j,h , lj,h
)
+

ν̄ + ν̄m
2

(
∇ŵn+1

j,h ,∇lj,h
)

+ γ
(
∇ · ŵn+1

j,h ,∇ · lj,h
)
+
(
2νT (v̂

′

h, t
n)∇ŵn+1

j,h ,∇lj,h
)
=
(
f 2,j(t

n+1), lj,h
)

− b
(
v̂

′n
j,h, ŵ

n
j,h, lj,h

)
− νj − νm,j

2

(
∇vnj,h,∇lj,h

)
−

ν
′

j + ν
′

m,j

2

(
∇wn

j,h,∇lj,h
)
. (2.4)

Step 4: Find (w̃n+1
j,h , λ̂n+1

j,h ) ∈ Y h ×Qh satisfying for all (sj,h, rj,h) ∈ Y h ×Qh,

(
w̃n+1

j,h − ŵn+1
j,h

∆t
, sj,h

)
− (λ̂n+1

j,h ,∇ · sj,h) =0, (2.5)

(∇ · w̃n+1
j,h , rj,h) =0, (2.6)

Since Xh ⊂ Y h, we can choose vj,h = χχχj,h in (2.2), sj,h = lj,h in (2.5) and combine them with

equations (2.1) and (2.4), respectively, to get
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(
v̂n+1
j,h − v̂nj,h

∆t
,χχχj,h

)
+ b
(
< ŵh >n, v̂n+1

j,h ,χχχj,h

)
+

ν̄ + ν̄m
2

(
∇v̂n+1

j,h ,∇χχχj,h

)
+ γ
(
∇ · v̂n+1

j,h ,∇ ·χχχj,h

)
+
(
2νT (ŵ

′

h, t
n)∇v̂n+1

j,h ,∇χχχj,h

)
−
(
q̂nj,h,∇ ·χχχj,h

)
=
(
f 1,j(t

n+1),χχχj,h

)
− b
(
ŵ

′n
j,h, v̂

n
j,h,χχχj,h

)
− νj − νm,j

2

(
∇ŵn

j,h,∇χχχj,h

)
−

ν
′

j + ν
′

m,j

2

(
∇v̂nj,h,∇χχχj,h

)
, (2.7)

and

(
ŵn+1

j,h − ŵn
j,h

∆t
, lj,h

)
+ b
(
< v̂h >n, ŵn+1

j,h , lj,h

)
+

ν̄ + ν̄m
2

(
∇ŵn+1

j,h ,∇lj,h
)

+ γ
(
∇ · ŵn+1

j,h ,∇ · lj,h
)
+
(
2νT (v̂

′

h, t
n)∇ŵn+1

j,h ,∇lj,h
)
−
(
λ̂n+1
j,h ,∇ · lj,h

)
=
(
f 2,j(t

n+1), lj,h

)
− b
(
v̂

′n
j,h, ŵ

n
j,h, lj,h

)
− νj − νm,j

2

(
∇vnj,h,∇lj,h

)
−

ν
′

j + ν
′

m,j

2

(
∇wn

j,h,∇lj,h
)
. (2.8)

2.1 Stability Analysis

We now prove stability and well-posedness for the Algorithm 2.

Theorem 2.1. (Unconditional Stability) Let
(
v̂n+1
j,h , q̂n+1

j,h , ŵn+1
j,h , λ̂n+1

j,h

)
be the solution of Algo-

rithm 2 and f1,j , f2,j ∈ L2
(
0, T ;H−1(Ω)

)
, and v0j,h, w

0
j,h ∈ H1(Ω). Then for all ∆t > 0, if αj > 0,

and µ > 1, we have the following stability bound:

∥v̂Mj,h∥2 + ∥ŵM
j,h∥2 +

ν̄ + ν̄m
2

∆t
(
∥∇v̂Mj,h∥2 + ∥∇ŵM

j,h∥2
)
+ 2γ∆t

M−1∑
n=0

(
∥∇ · v̂n+1

j,h ∥2 + ∥∇ · ŵn+1
j,h ∥2

)
+

αj∆t

2

M−1∑
n=0

(
∥∇v̂nj,h∥2 + ∥∇ŵn

j,h∥2
)
≤ 2∆t

αj

M−1∑
n=0

(
∥f1,j(tn+1)∥2 + ∥f2,j(tn+1)∥2

)
+ ∥v̂0j,h∥2 + ∥ŵ0

j,h∥2 +
ν̄ + ν̄m

2
∆t
(
∥∇v̂0j,h∥2 + ∥∇ŵ0

j,h∥2
)
. (2.9)

Proof: Taking χχχj,h = v̂n+1
j,h in (2.1) and lj,h = ŵn+1

j,h in (2.4), we obtain

(
v̂n+1
j,h − ṽnj,h

∆t
, v̂n+1

j,h

)
+

ν̄ + ν̄m
2

∥∇v̂n+1
j,h ∥2 + γ∥∇ · v̂n+1

j,h ∥2

+
(
2νT (ŵ

′

h, t
n)∇v̂n+1

j,h ,∇v̂n+1
j,h

)
=
(
f 1,j(t

n+1), v̂n+1
j,h

)
−
(
ŵ

′n
j,h · ∇v̂nj,h, v̂

n+1
j,h

)
− νj − νm,j

2

(
∇ŵn

j,h,∇v̂
n+1
j,h

)
−

ν
′

j + ν
′

m,j

2

(
∇v̂nj,h,∇v̂

n+1
j,h

)
, (2.10)



14

and

(
ŵn+1

j,h − w̃n
j,h

∆t
, lj,h

)
+

ν̄ + ν̄m
2

∥∇ŵn+1
j,h ∥2 + γ∥∇ · ŵn+1

j,h ∥2

+
(
2νT (v̂

′

h, t
n)∇ŵn+1

j,h ,∇ŵn+1
j,h

)
=
(
f 2,j(t

n+1), ŵn+1
j,h

)
−
(
v̂

′n
j,h · ∇ŵn

j,h, ŵ
n+1
j,h

)
− νj − νm,j

2

(
∇v̂nj,h,∇ŵ

n+1
j,h

)
−

ν
′

j + ν
′

m,j

2

(
∇ŵn

j,h,∇ŵ
n+1
j,h

)
. (2.11)

Using polarization identity and (2νT (ŵ
′

h, t
n)∇v̂n+1

j,h ,∇v̂n+1
j,h ) = 2µ∆t∥lnŵ,h∇v

n+1
j,h ∥2, we get

1

2∆t

(
∥v̂n+1

j,h ∥2 − ∥ṽnj,h∥2 + ∥v̂n+1
j,h − ṽnj,h∥2

)
+

ν̄ + ν̄m
2

∥∇v̂n+1
j,h ∥2 + γ∥∇ · v̂n+1

j,h ∥2

+2µ∆t∥lnŵ,h∇v̂
n+1
j,h ∥2 =

(
f 1,j(t

n+1), v̂n+1
j,h

)
− b
(
ŵ

′n
j,h, v̂

n
j,h, v̂

n+1
j,h

)
−νj − νm,j

2

(
∇ŵn

j,h,∇v̂
n+1
j,h

)
−

ν
′

j + ν
′

m,j

2

(
∇v̂nj,h,∇v̂

n+1
j,h

)
, (2.12)

and

1

2∆t

(
∥ŵn+1

j,h ∥2 − ∥w̃n
j,h∥2 + ∥ŵn+1

j,h − w̃n
j,h∥2

)
+

ν̄ + ν̄m
2

∥∇ŵn+1
j,h ∥2 + γ∥∇ · ŵn+1

j,h ∥2

+2µ∆t∥lnv̂,h∇ŵ
n+1
j,h ∥2 =

(
f 2,j(t

n+1), ŵn+1
j,h

)
− b
(
v̂

′n
j,h, ŵ

n
j,h, ŵ

n+1
j,h

)
−νj − νm,j

2

(
∇v̂nj,h,∇ŵ

n+1
j,h

)
−

ν
′

j + ν
′

m,j

2

(
∇ŵn

j,h,∇ŵ
n+1
j,h

)
. (2.13)

Adding (2.12) and (2.13), using the inequality ∥a · ∇b∥ ≤
√
2∥|a|∇b∥ in

(
ŵ

′n
j,h · ∇v̂nj,h, v̂

n+1
j,h

)
= −

(
ŵ

′n
j,h · ∇v̂n+1

j,h , v̂nj,h

)
=
(
ŵ

′n
j,h · ∇v̂n+1

j,h , v̂n+1
j,h − v̂nj,h

)
≤ ∥ŵ

′n
j,h · ∇v̂n+1

j,h ∥ ∥v̂n+1
j,h − v̂nj,h∥

≤
√
2∥|ŵ

′n
j,h|∇v̂

n+1
j,h ∥ ∥v̂n+1

j,h − v̂nj,h∥

≤
√
2∥lnŵ,h∇v̂

n+1
j,h ∥ ∥v̂n+1

j,h − v̂nj,h∥,
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and after applying the Cauchy-Schwarz inequality, this reduces to

1

2∆t

(
∥v̂n+1

j,h ∥2 − ∥ṽnj,h∥2 + ∥v̂n+1
j,h − ṽnj,h∥2 + ∥ŵn+1

j,h ∥2 − ∥w̃n
j,h∥2 + ∥ŵn+1

j,h − w̃n
j,h∥2

)
+
ν̄ + ν̄m

2

(
∥∇v̂n+1

j,h ∥2 + ∥∇ŵn+1
j,h ∥2

)
+ γ
(
∥∇ · v̂n+1

j,h ∥2 + ∥∇ · ŵn+1
j,h ∥2

)
+2µ∆t

(
∥lnŵ,h∇v̂

n+1
j,h ∥2 + ∥lnv̂,h∇ŵ

n+1
j,h ∥2

)
≤

√
2∥lnŵ,h∇vn+1

j,h ∥ ∥vn+1
j,h − vnj,h∥+

√
2∥lnv,h∇wn+1

j,h ∥ ∥wn+1
j,h −wn

j,h∥

+∥f 1,j(t
n+1)∥∥v̂n+1

j,h ∥+ ∥f 2,j(t
n+1)∥∥ŵn+1

j,h ∥

+
|νj − νm,j |

2

(
∥∇ŵn

j,h∥∥∇v̂
n+1
j,h ∥+ ∥∇v̂nj,h∥∥∇ŵ

n+1
j,h ∥

)
+
|ν′

j + ν
′

m,j |
2

(
∥∇v̂nj,h∥∥∇v̂

n+1
j,h ∥+ ∥∇ŵn

j,h∥∥∇ŵ
n+1
j,h ∥

)
. (2.14)

Using Young’s inequality and reducing, we have

1

2∆t

(
∥v̂n+1

j,h ∥2 − ∥ṽnj,h∥2 + ∥ŵn+1
j,h ∥2 − ∥w̃n

j,h∥2
)

+
1

4∆t

(
∥v̂n+1

j,h − ṽnj,h∥2 + ∥ŵn+1
j,h − w̃n

j,h∥2
)

+
ν̄ + ν̄m

4

(
∥∇v̂n+1

j,h ∥2 + ∥∇ŵn+1
j,h ∥2

)
+ γ
(
∥∇ · v̂n+1

j,h ∥2 + ∥∇ · ŵn+1
j,h ∥2

)
+2(µ− 1)∆t

(
∥lnŵ,h∇v̂

n+1
j,h ∥2 + ∥lnv̂,h∇ŵ

n+1
j,h ∥2

)
≤ 1

αj

(
∥f 1,j(t

n+1)∥2 + ∥f 2,j(t
n+1)∥2

)
+
|νj − νm,j |+ |ν′

j + ν
′

m,j |
4

(
∥∇v̂nj,h∥2 + ∥∇ŵn

j,h∥2∥
)
. (2.15)

Assuming µ > 1, and dropping non-negative terms from the left-hand-side, this reduces to

1

2∆t

(
∥v̂n+1

j,h ∥2 − ∥ṽnj,h∥2 + ∥ŵn+1
j,h ∥2 − ∥w̃n

j,h∥2
)
+

ν̄ + ν̄m
4

(
∥∇v̂n+1

j,h ∥2 + ∥∇ŵn+1
j,h ∥2

)
+γ
(
∥∇ · v̂n+1

j,h ∥2 + ∥∇ · ŵn+1
j,h ∥2

)
≤ 1

αj

(
∥f 1,j(t

n+1)∥2 + ∥f 2,j(t
n+1)∥2

)
+
|νj − νm,j |+ |ν′

j + ν
′

m,j |
4

(
∥∇v̂nj,h∥2 + ∥∇ŵn

j,h∥2∥
)
. (2.16)

Now choose vj,h = ṽn+1
j,h in (2.2), qj,h = q̂n+1

j,h in (2.3) and sj,h = w̃n+1
j,h in (2.5), rj,h = λ̂n+1

j,h in (2.6).

Then apply Cauchy-Schwarz and Young’s inequalities to obtain

∥ṽn+1
j,h ∥2 ≤ ∥v̂n+1

j,h ∥2,

∥w̃n+1
j,h ∥2 ≤ ∥ŵn+1

j,h ∥2
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for all n = 0, 1, 2, · · · ,M − 1. Plugging these estimates into (2.16), the result is reduced to

1

2∆t

(
∥v̂n+1

j,h ∥2 − ∥v̂nj,h∥2 + ∥ŵn+1
j,h ∥2 − ∥ŵn

j,h∥2
)

+
ν̄ + ν̄m

4

(
∥∇v̂n+1

j,h ∥2 − ∥∇v̂nj,h∥2 + ∥∇ŵn+1
j,h ∥2 − ∥∇ŵn

j,h∥2
)

+γ
(
∥∇ · v̂n+1

j,h ∥2 + ∥∇ · ŵn+1
j,h ∥2

)
+

αj

4

(
∥∇v̂nj,h∥2 + ∥∇ŵn

j,h∥2∥
)

≤ 1

αj

(
∥f 1,j(t

n+1)∥2 + ∥f 2,j(t
n+1)∥2

)
. (2.17)

Multiplying both sides by 2∆t and summing over the time steps, we have

∥v̂Mj,h∥2 + ∥ŵM
j,h∥2 +

ν̄ + ν̄m
2

∆t
(
∥∇v̂Mj,h∥2 + ∥∇ŵM

j,h∥2
)
+ 2γ∆t

M−1∑
n=0

(
∥∇ · v̂n+1

j,h ∥2 + ∥∇ · ŵn+1
j,h ∥2

)
+

αj∆t

2

M−1∑
n=0

(
∥∇v̂nj,h∥2 + ∥∇ŵn

j,h∥2∥
)
≤ 2∆t

αj

M−1∑
n=0

(
∥f 1,j(t

n+1)∥2 + ∥f 2,j(t
n+1)∥2

)
+ ∥v̂0j,h∥2 + ∥ŵ0

j,h∥2 +
ν̄ + ν̄m

2
∆t
(
∥∇v̂0j,h∥2 + ∥∇ŵ0

j,h∥2
)
. (2.18)

This completes the proof.

□

2.2 Convergence

We now prove that the Algorithm 2 converges to Algorithm 1 as γ → ∞. Thus, we need to define the

space Rh := V ⊥
h ⊂Xh to be the orthogonal complement of V h with respect to the H1(Ω) norm.

Lemma 2.2. Let the finite element pair (Xh, Qh) ⊂ (X, Q) satisfy the inf-sup condition (1.15)

and the divergence-free property, i.e., ∇ ·Xh ⊂ Qh. Then there exists a constant CR independent of h

such that

∥∇vh∥ ≤ CR∥∇ · vh∥, ∀vh ∈ Rh.

Assumption 2.1. We assume there exists a constant C∗ which is independent of h, and ∆t,

such that for sufficiently small h for a fixed mesh and fixed ∆t as γ → ∞, the solution of the Algorithm

2 satisfies

max
1≤n≤M

{
∥v̂nj,h∥∞, ∥ŵn

j,h∥∞
}
≤ C∗, for all j = 1, 2, · · · , J. (2.19)

The Assumption 2.1 is proved later in Lemma 2.4. We define αmin := min
1≤j≤J

αj .
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Theorem 2.3 (Convergence). Let (vn+1
j,h ,wn+1

j,h , qn+1
j,h ), and (v̂n+1

j,h , ŵn+1
j,h , q̂n+1

j,h ) are the solutions

to the Algorithm 1, and Algorithm 2, respectively, for n = 0, 1, · · · ,M − 1. We then have

∆t

M∑
n=1

(
∥∇<vh>

n −∇<v̂h>
n ∥2 + ∥∇<wh>

n −∇<ŵh>
n ∥2

)
≤ CC2

R

γ2

(
1

α3
min∆t

+
1

αmin∆t
+

∆t

αmin
+ 1

)
exp

(
CC2

∗
αmin

+
C∆t

h3αmin

)

×

∆t

M−1∑
n=0

J∑
j=1

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
) . (2.20)

Remark 2.1. The above theorem states the first order convergence of the penalty-projection

algorithm to the Algorithm 1 as γ → ∞ for a fixed mesh and time-step size.

Proof: Denote en+1
j := vn+1

j,h − v̂n+1
j,h , and ϵn+1

j := wn+1
j,h − ŵn+1

j,h and use the following H1-

orthogonal decomposition of the errors:

en+1
j := en+1

j,0 + en+1
j,R , and ϵn+1

j := ϵn+1
j,0 + ϵn+1

j,R ,

with en+1
j,0 , ϵn+1

j,0 ∈ V h, and e
n+1
j,R , ϵn+1

j,R ∈ Rh, for n = 0, 1, · · · ,M − 1.

Step 1: Estimate of en+1
j,R , and ϵn+1

j,R : Subtracting the equation (1.21) from (2.7) and (1.22) from (2.8)

produces

1

∆t

(
en+1
j − enj ,χχχj,h

)
+

ν̄ + ν̄m
2

(
∇en+1

j ,∇χχχj,h

)
+ γ
(
∇ · en+1

j,R ,∇ ·χχχj,h

)
+ b
(
<ŵh>

n, en+1
j ,χχχj,h

)
+ b
(
<ϵ>n,vn+1

j,h ,χχχj,h

)
−
(
qn+1
j,h − q̂nj,h,∇ ·χχχj,h

)
+ 2µ∆t

(
(lnŵ,h)

2∇en+1
j ,∇χχχj,h

)
+ 2µ∆t

({
(lnw,h)

2 − (lnŵ,h)
2
}
∇vn+1

j,h ,∇χχχj,h

)
= −b

(
ŵ

′n
j,h, e

n
j ,χχχj,h

)
− b
(
ϵ
′n
j ,vnj,h,χχχj,h

)
− νj − νm,j

2

(
∇ϵnj ,∇χχχj,h

)
−

ν
′

j + ν
′

m,j

2

(
∇enj ,∇χχχj,h

)
, (2.21)

and

1

∆t

(
ϵn+1
j − ϵnj , lj,h

)
+

ν̄ + ν̄m
2

(
∇ϵn+1

j ,∇lj,h
)
+ γ
(
∇ · ϵn+1

j,R ,∇ · lj,h
)
+ b
(
<v̂h>

n, ϵn+1
j , lj,h

)
+ b
(
<e>n,wn+1

j,h , lj,h

)
−
(
λn+1
j,h − λ̂n

j,h,∇ · lj,h
)
+ 2µ∆t

(
(lnv̂,h)

2∇ϵn+1
j ,∇lj,h

)
+ 2µ∆t

({
(lnv,h)

2 − (lnv̂,h)
2
}
∇wn+1

j,h ,∇lj,h
)
= −b

(
v̂

′n
j,h, ϵ

n
j , lj,h

)
− b
(
e

′n
j ,wn

j,h, lj,h

)
− νj − νm,j

2

(
∇enj ,∇lj,h

)
−

ν
′

j + ν
′

m,j

2

(
∇ϵnj ,∇lj,h

)
. (2.22)
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Take χχχj,h = en+1
j in (2.21), and lj,h = ϵn+1

j in (2.22), which yield

b
(
<v̂h>

n, ϵn+1
j , lj,h

)
= 0, and b

(
<ŵh>

n, en+1
j ,χχχj,h

)
= 0,

and use polarization identity to get

1

2∆t

(
∥en+1

j ∥2 − ∥enj ∥2 + ∥en+1
j − enj ∥2

)
+

ν̄ + ν̄m
2

∥∇en+1
j ∥2 + γ∥∇ · en+1

j,R ∥2

+b
(
<ϵ>n,vn+1

j,h , en+1
j

)
−
(
qn+1
j,h − q̂nj,h,∇ · en+1

j,R

)
+ 2µ∆t∥lnŵ,h∇en+1

j ∥2

+2µ∆t
({

(lnw,h)
2 − (lnŵ,h)

2
}
∇vn+1

j,h ,∇en+1
j

)
= −b

(
ŵ

′n
j,h, e

n
j , e

n+1
j

)
−b
(
ϵ
′n
j ,vnj,h, e

n+1
j

)
− νj − νm,j

2

(
∇ϵnj ,∇en+1

j

)
−

ν
′

j + ν
′

m,j

2

(
∇enj ,∇en+1

j

)
, (2.23)

and

1

2∆t

(
∥ϵn+1

j ∥2 − ∥ϵnj ∥2 + ∥ϵn+1
j − ϵnj ∥2

)
+

ν̄ + ν̄m
2

∥∇ϵn+1
j ∥2 + γ∥∇ · ϵn+1

j,R ∥2

+b
(
<e>n,wn+1

j,h , ϵn+1
j

)
−
(
λn+1
j,h − λ̂n

j,h,∇ · ϵn+1
j,R

)
+ 2µ∆t∥lnv̂,h∇ϵn+1

j ∥2

+2µ∆t
({

(lnv,h)
2 − (lnv̂,h)

2
}
∇wn+1

j,h ,∇ϵn+1
j

)
= −b

(
v̂

′n
j,h, ϵ

n
j , ϵ

n+1
j

)
−b
(
e

′n
j ,wn

j,h, ϵ
n+1
j

)
− νj − νm,j

2

(
∇enj ,∇ϵn+1

j

)
−

ν
′

j + ν
′

m,j

2

(
∇ϵnj ,∇ϵn+1

j

)
. (2.24)

Now, we find the bound of the terms in (2.23) first. Rearranging and applying Cauchy-Schwarz and

Young’s inequalities in the following nonlinear term yields

−b
(
ŵ

′n
j,h, e

n
j , e

n+1
j

)
= −b

(
ŵ

′n
j,h, e

n+1
j , en+1

j − enj
)

≤ ∥ŵ
′n
j,h · ∇en+1

j ∥∥en+1
j − enj ∥

≤
√
2∥lnŵ,h∇en+1

j ∥∥en+1
j − enj ∥

≤ 2∆t∥lnŵ,h∇en+1
j ∥2 + 1

4∆t
∥en+1

j − enj ∥2.

Applying Cauchy-Schwarz and Young’s inequalities, we have

|νj − νm,j |
2

∣∣∣(∇ϵnj ,∇en+1
j

)∣∣∣ ≤ |νj − νm,j |
4

(
∥∇ϵnj ∥2 + ∥∇en+1

j ∥2
)
,

|ν′

j + ν
′

m,j |
2

∣∣∣(∇enj ,∇en+1
j

)∣∣∣ ≤ |ν′

j + ν
′

m,j |
4

(
∥∇enj ∥2 + ∥∇en+1

j ∥2
)
,∣∣∣(qn+1

j,h − q̂nj,h,∇ · en+1
j,R

)∣∣∣ ≤ 1

2γ
∥qn+1

j,h − q̂nj,h∥2 +
γ

2
∥∇ · en+1

j,R ∥2.
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Using Hölder’s inequality, estimate in Lemma 1.1, Sobolev embedding theorem, Poincaré, and Young’s

inequalities provides

∣∣∣b(<ϵ>n,vn+1
j,h , en+1

j

)∣∣∣ ≤ ∥<ϵ>n∥∥∇vn+1
j,h ∥L3∥en+1

j ∥L6

≤ CC∗∥<ϵ>n∥∥∇en+1
j ∥

≤ αj

12
∥∇en+1

j ∥2 + CC2
∗

αj
∥<ϵ>n∥2,∣∣∣b(ϵ′nj ,vnj,h, e

n+1
j

)∣∣∣ ≤ ∥ϵ
′n
j ∥∥∇vnj,h∥L3∥en+1

j ∥L6

≤ CC∗∥ϵ
′n
j ∥∥∇en+1

j ∥

≤ αj

12
∥∇en+1

j ∥2 + CC2
∗

αj
∥ϵ

′n
j ∥2.

For the third non-linear term, we apply Hölder’s and triangle inequalities, stability estimate of Algorithm

1, uniform boundedness in Lemma 1.1 and in Assumption 2.1, Agmon’s [38], discrete inverse, and

Young’s inequalities, to get

2µ∆t
({

(lnw,h)
2−(lnŵ,h)

2
}
∇vn+1

j,h ,∇en+1
j

)
≤ 2µ∆t∥(lnw,h)

2 − (lnŵ,h)
2∥∞∥∇vn+1

j,h ∥∥∇en+1
j ∥

= 2µ∆t∥
J∑

i=1

(
|w

′n
i,h|2 − |ŵ

′n
i,h|2

)
∥∞∥∇vn+1

j,h ∥∥∇en+1
j ∥

≤ 2µ∆t

J∑
i=1

∥(w
′n
i,h − ŵ

′n
i,h) · (w

′n
i,h + ŵ

′n
i,h)∥∞∥∇vn+1

j,h ∥∥∇en+1
j ∥

≤ 2µ∆t

J∑
i=1

∥w
′n
i,h − ŵ

′n
i,h∥∞∥w

′n
i,h + ŵ

′n
i,h∥∞∥∇vn+1

j,h ∥∥∇en+1
j ∥

≤ C∆t
1
2

J∑
i=1

∥ϵ
′n
i ∥∞

(
∥w

′n
i,h∥∞ + ∥ŵ

′n
i,h∥∞

)
∥∇en+1

j ∥

≤ C∆t
1
2

J∑
i=1

∥ϵni ∥∞∥∇en+1
j ∥ ≤ C∆t

1
2h− 3

2

J∑
i=1

∥ϵni ∥∥∇en+1
j ∥

≤ αj

12
∥∇en+1

j ∥2 + C∆t

h3αj

J∑
i=1

∥ϵni ∥2. (2.25)
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Using the above estimates in (2.23), choosing µ > max{1, 1
2∆t}, dropping non-negative terms and

reducing produces

1

2∆t

(
∥en+1

j ∥2 − ∥enj ∥2
)
+

ν̄ + ν̄m
4

∥∇en+1
j ∥2 + γ

2
∥∇ · en+1

j,R ∥2

≤ |νj − νm,j |
4

∥∇ϵnj ∥2 +
|ν′

j + ν
′

m,j |
4

∥∇enj ∥2 +
1

2γ
∥qn+1

j,h − q̂nj,h∥2

+
CC2

∗
αj

(
∥<ϵ>n∥2 + ∥ϵ

′n
j ∥2

)
+

C∆t

h3αj

J∑
i=1

∥ϵni ∥2. (2.26)

Now, apply similar estimates to the right hand side terms of (2.24) to produce

1

2∆t

(
∥ϵn+1

j ∥2 − ∥ϵnj ∥2
)
+

ν̄ + ν̄m
4

∥∇ϵn+1
j ∥2 + γ

2
∥∇ · ϵn+1

j,R ∥2

≤ |νj − νm,j |
4

∥∇enj ∥2 +
|ν′

j + ν
′

m,j |
4

∥∇ϵnj ∥2 +
1

2γ
∥λn+1

j,h − λ̂n
j,h∥2

+
CC2

∗
αj

(
∥<e>n∥2 + ∥e

′n
j ∥2

)
+

C∆t

h3αj

J∑
i=1

∥eni ∥2. (2.27)

Add (2.26) and (2.27), and rearrange

1

2∆t

(
∥en+1

j ∥2 − ∥enj ∥2 + ∥ϵn+1
j ∥2 − ∥ϵnj ∥2

)
+
ν̄ + ν̄m

4

(
∥∇en+1

j ∥2 − ∥∇enj ∥2 + ∥∇ϵn+1
j ∥2 − ∥∇ϵnj ∥2

)
+

αj

4

(
∥∇enj ∥2 + ∥∇ϵnj ∥2

)
+
γ

2

(
∥∇ · en+1

j,R ∥2 + ∥∇ · ϵn+1
j,R ∥2

)
≤ 1

2γ

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
)

+
CC2

∗
αj

(
∥<e>n∥2 + ∥e

′n
j ∥2 + ∥<ϵ>n∥2 + ∥ϵ

′n
j ∥2

)
+

C∆t

h3αj

J∑
i=1

(
∥eni ∥2 + ∥ϵni ∥2

)
. (2.28)

Now multiply both sides by 2∆t, and sum over the time steps n = 0, 1, · · · ,M − 1 to get

∥eMj ∥2 + ∥ϵMj ∥2 + ν̄ + ν̄m
2

∆t
(
∥∇eMj ∥2 + ∥∇ϵMj ∥2

)
+

αj

2
∆t

M−1∑
n=0

(
∥∇enj ∥2 + ∥∇ϵnj ∥2

)
+∆t

M−1∑
n=0

γ
(
∥∇ · en+1

j,R ∥2 + ∥∇ · ϵn+1
j,R ∥2

)
≤ ∆t

γ

M−1∑
n=0

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
)

+
CC2

∗
αj

∆t

M−1∑
n=0

(
∥<e>n∥2 + ∥e

′n
j ∥2 + ∥<ϵ>n∥2 + ∥ϵ

′n
j ∥2

)
+

C∆t2

h3αj

M−1∑
n=1

J∑
i=1

(
∥eni ∥2 + ∥ϵni ∥2

)
. (2.29)
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Using triangle, Cauchy-Schwarz, and Young’s inequalities to get

∥eMj ∥2 + ∥ϵMj ∥2 + αj∆t

2

M∑
n=1

(
∥∇enj ∥2 + ∥∇ϵnj ∥2

)
+∆t

M∑
n=1

γ
(
∥∇ · enj,R∥2 + ∥∇ · ϵnj,R∥2

)
≤ ∆t

γ

M−1∑
n=0

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
)
+

(
CC2

∗
αj

∆t+
C∆t2

h3αj

)M−1∑
n=1

J∑
j=1

(
∥enj ∥2 + ∥ϵnj ∥2

)
. (2.30)

Summing over j = 1, 2, · · · , J , we have

J∑
j=1

∥eMj ∥2 +
J∑

j=1

∥ϵMj ∥2 + αmin∆t

2

M∑
n=1

J∑
j=1

(
∥∇enj ∥2 + ∥∇ϵnj ∥2

)

+γ∆t

M∑
n=1

J∑
j=1

(
∥∇ · enj,R∥2 + ∥∇ · ϵnj,R∥2

)
≤ ∆t

γ

M−1∑
n=0

J∑
j=1

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
)

+∆t

M−1∑
n=1

(
CC2

∗
αmin

+
C∆t

h3αmin

) J∑
j=1

(
∥enj ∥2 + ∥ϵnj ∥2

)
. (2.31)

Apply discrete Grönwall inequality given in Lemma 1.1 to get

J∑
j=1

∥eMj ∥2 +
J∑

j=1

∥ϵMj ∥2 + αmin∆t

2

M∑
n=1

J∑
j=1

(
∥∇enj ∥2 + ∥∇ϵnj ∥2

)
+ γ∆t

M∑
n=1

J∑
j=1

(
∥∇ · enj,R∥2 + ∥∇ · ϵnj,R∥2

)

≤ 1

γ
exp

(
CT

(
C2

∗
αmin

+
∆t

h3αmin

))∆t

M−1∑
n=0

J∑
j=1

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
) . (2.32)

Using Lemma 2.2 with (2.32) yields the following bound

∆t

M∑
n=1

J∑
j=1

(
∥∇enj,R∥2 + ∥∇ϵnj,R∥2

)
≤ C2

R∆t

M∑
n=1

J∑
j=1

(
∥∇ · enj,R∥2 + ∥∇ · ϵnj,R∥2

)

≤ C2
R

γ2
exp

(
CC2

∗
αmin

+
C∆t

h3αmin

)∆t

M−1∑
n=0

J∑
j=1

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
) . (2.33)

Step 2: Estimate of enj,0, and ϵ
n
j,0: To find a bound on ∆t

M∑
n=1

J∑
j=1

(
∥∇enj,0∥2 + ∥∇ϵnj,0∥2

)
, take χχχj,h =

en+1
j,0 in (2.21), and lj,h = ϵn+1

j,0 in (2.22), which yield
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1

∆t

(
en+1
j − enj , en+1

j,0

)
+

ν̄ + ν̄m
2

∥∇en+1
j,0 ∥2 = −b

(
<ŵh>

n, en+1
j,R , en+1

j,0

)
−b
(
<ϵ>n,vn+1

j,h , en+1
j,0

)
− 2µ∆t

(
(lnŵ,h)

2∇en+1
j ,∇en+1

j,0

)
−2µ∆t

({
(lnw,h)

2 − (lnŵ,h)
2
}
∇vn+1

j,h ,∇en+1
j,0

)
− b
(
ŵ

′n
j,h, e

n
j , e

n+1
j,0

)
−b
(
ϵ
′n
j ,vnj,h, e

n+1
j,0

)
− νj − νm,j

2

(
∇ϵnj,0,∇en+1

j,0

)
−

ν
′

j + ν
′

m,j

2

(
∇enj,0,∇en+1

j,0

)
, (2.34)

and

1

∆t

(
ϵn+1
j − ϵnj , ϵn+1

j,0

)
+

ν̄ + ν̄m
2

∥∇ϵn+1
j,0 ∥2 = −b

(
<v̂h>

n, ϵn+1
j,R , ϵn+1

j,0

)
−b
(
<e>n,wn+1

j,h , ϵn+1
j,0

)
− 2µ∆t

(
(lnv̂,h)

2∇ϵn+1
j ,∇ϵn+1

j,0

)
−2µ∆t

({
(lnv,h)

2 − (lnv̂,h)
2
}
∇wn+1

j,h ,∇ϵn+1
j,0

)
− b
(
v̂

′n
j,h, ϵ

n
j , ϵ

n+1
j,0

)
−b
(
e

′n
j ,wn

j,h, ϵ
n+1
j,0

)
− νj − νm,j

2

(
∇enj,0,∇ϵn+1

j,0

)
−

ν
′

j + ν
′

m,j

2

(
∇ϵnj,0,∇ϵn+1

j,0

)
. (2.35)

Apply the non-linear bound given in (1.14), and Hölder’s inequality for the first, and second non-linear

terms of (2.34), respectively, to obtain

1

∆t

(
en+1
j − enj , en+1

j,0

)
+

ν̄ + ν̄m
2

∥∇en+1
j,0 ∥2 + 2µ∆t∥lnŵ,h∇en+1

j,0 ∥2

≤ C∥∇<ŵh>
n∥∥∇en+1

j,R ∥∥∇en+1
j,0 ∥+ C∥<ϵ>n∥∥∇vn+1

j,h ∥L3∥∇en+1
j,0 ∥

−2µ∆t
(
(lnŵ,h)

2∇en+1
j,R ,∇en+1

j,0

)
− 2µ∆t

({
(lnw,h)

2 − (lnŵ,h)
2
}
∇vn+1

j,h ,∇en+1
j,0

)
−b
(
ŵ

′n
j,h, e

n
j , e

n+1
j,0

)
− b
(
ϵ
′n
j ,vnj,h, e

n+1
j,0

)
− νj − νm,j

2

(
∇ϵnj,0,∇en+1

j,0

)
−
ν

′

j + ν
′

m,j

2

(
∇enj,0,∇en+1

j,0

)
. (2.36)

Using Cauchy-Schwarz and Young’s inequalities yields

−b
(
ŵ

′n
j,h, e

n
j , e

n+1
j,0

)
= b
(
ŵ

′n
j,h, e

n+1
j,0 , enj

)
≤ ∥ŵ

′n
j,h · ∇en+1

j,0 ∥∥enj ∥

≤
√
2∥|ŵ

′n
j,h|∇en+1

j,0 ∥∥enj ∥

≤
√
2∥lnŵ,h∇en+1

j,0 ∥∥enj ∥

≤ ∥lnŵ,h∇en+1
j,0 ∥2 + 1

2
∥enj ∥2.

Using the above bound, triangle inequality, stability estimate, Assumption 2.1, and finally rearranging,
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we have

1

∆t

(
en+1
j − enj , en+1

j,0

)
+

ν̄ + ν̄m
2

∥∇en+1
j,0 ∥2 + (2µ∆t− 1) ∥lnŵ,h∇en+1

j,0 ∥2

≤ C

(ν̄ + ν̄m)
1
2∆t

1
2

∥∇en+1
j,R ∥∥∇en+1

j,0 ∥+ CC∗∥<ϵ>n∥∥∇en+1
j,0 ∥+ 2µ∆t

∣∣∣((lnŵ,h)
2∇en+1

j,R ,∇en+1
j,0

)∣∣∣
+2µ∆t

∣∣∣({(lnw,h)
2 − (lnŵ,h)

2
}
∇vn+1

j,h ,∇en+1
j,0

)∣∣∣+ 1

2
∥enj ∥2 +

∣∣∣b(ϵ′nj ,vnj,h, e
n+1
j,0

)∣∣∣
+
|νj − νm,j |

2

∣∣∣(∇ϵnj,0,∇en+1
j,0

)∣∣∣+ |ν′

j + ν
′

m,j |
2

∣∣∣(∇enj,0,∇en+1
j,0

)∣∣∣. (2.37)

To evaluate the discrete time-derivative term, we use polarization identity, Cauchy-Schwarz, Young’s

and Poincaré’s inequalities

1

∆t

(
en+1
j − enj , en+1

j,0

)
=

1

∆t

(
en+1
j − enj , en+1

j − en+1
j,R

)
=

1

2∆t

(
∥en+1

j − enj ∥2 + ∥en+1
j ∥2 − ∥enj ∥2

)
− 1

∆t

(
en+1
j − enj , en+1

j,R

)
≥ 1

2∆t

(
∥en+1

j ∥2 − ∥enj ∥2
)
− C

∆t
∥∇en+1

j,R ∥2.

Plugging the above estimate into (2.37) and using Cauchy-Schwarz’s, and Young’s inequalities, yields

1

2∆t

(
∥en+1

j ∥2 − ∥enj ∥2
)
+

ν̄ + ν̄m
2

∥∇en+1
j,0 ∥2 + (2µ∆t− 1) ∥lnŵ,h∇en+1

j,0 ∥2

≤ C

∆t

(
1

α2
j

+ 1

)
∥∇en+1

j,R ∥2 + CC2
∗

αj
∥<ϵ>n∥2 + 2µ∆t

∣∣∣((lnŵ,h)
2∇en+1

j,R ,∇en+1
j,0

)∣∣∣
+2µ∆t

∣∣∣({(lnw,h)
2 − (lnŵ,h)

2
}
∇vn+1

j,h ,∇en+1
j,0

)∣∣∣+ αj

12
∥∇en+1

j,0 ∥2 + 1

2
∥enj ∥2 +

∣∣∣b(ϵ′nj ,vnj,h, e
n+1
j,0

)∣∣∣
+
|νj − νm,j |

4

(
∥∇ϵnj,0∥2 + ∥∇en+1

j,0 ∥2
)
+

|ν′

j + ν
′

m,j |
4

(
∥∇enj,0∥2 + ∥∇en+1

j,0 ∥2
)
. (2.38)

We now find the bounds for the non-linear terms. For the first non-linear term, we use Cauchy-Schwarz,

and Young’s inequalities, uniform boundedness in Assumption 2.1, and the stability estimate to obtain

2µ∆t
∣∣∣((lnŵ,h)

2∇en+1
j,R ,∇en+1

j,0

)∣∣∣ ≤ 2µ∆t∥lnŵ,h∇en+1
j,R ∥∥lnŵ,h∇en+1

j,0 ∥

≤ µ∆t∥lnŵ,h∇en+1
j,R ∥2 + µ∆t∥lnŵ,h∇en+1

j,0 ∥2

≤ µ∆t∥lnŵ,h∥2∞∥∇en+1
j,R ∥2 + µ∆t∥lnŵ,h∇en+1

j,0 ∥2

≤ C∆t∥∇en+1
j,R ∥2 + µ∆t∥lnŵ,h∇en+1

j,0 ∥2.
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For the second non-linear term, we follow the same treatment as in (2.25), and get

2µ∆t
({

(lnw,h)
2 − (lnŵ,h)

2
}
∇vn+1

j,h ,∇en+1
j,0

)
≤ αj

12
∥∇en+1

j,0 ∥2 + C∆t

h3αj

J∑
i=1

∥ϵni ∥2.

For the last non-linear term, we apply Hölder’s inequality, estimate in Lemma 1.1, Sobolev embedding

theorem, Poincaré and Young’s inequalities to get

|b
(
ϵ
′n
j ,vnj,h, e

n+1
j,0

)
| ≤ ∥ϵ

′n
j ∥∥∇vnj,h∥L3∥∥en+1

j,0 ∥L6

≤ CC∗∥ϵ
′n
j ∥∥∇en+1

j,0 ∥

≤ αj

12
∥∇en+1

j,0 ∥2 + CC2
∗

αj
∥ϵ

′n
j ∥2.

Use the above estimates, assume µ > max{1, 1
2∆t} to drop non-negative terms from left, and reducing,

the equation (2.38) becomes

1

2∆t

(
∥en+1

j ∥2 − ∥enj ∥2
)
+

ν̄ + ν̄m
4

∥∇en+1
j,0 ∥2

≤ C

∆t

(
1

α2
j

+ 1 +∆t2

)
∥∇en+1

j,R ∥2 + CC2
∗

αj

(
∥<ϵ>n∥2 + ∥ϵ

′n
j ∥2

)
+
C∆t

h3αj

J∑
i=1

∥ϵni ∥2 +
1

2
∥enj ∥2 +

|νj − νm,j |
4

∥∇ϵnj,0∥2 +
|ν′

j + ν
′

m,j |
4

∥∇enj,0∥2. (2.39)

Apply similar techniques to (2.35), yields

1

2∆t

(
∥ϵn+1

j ∥2 − ∥ϵnj ∥2
)
+

ν̄ + ν̄m
4

∥∇ϵn+1
j,0 ∥2

≤ C

∆t

(
1

α2
j

+ 1 +∆t2

)
∥∇ϵn+1

j,R ∥2 + CC2
∗

αj

(
∥<e>n∥2 + ∥e

′n
j ∥2

)
+
C∆t

h3αj

J∑
i=1

∥eni ∥2 +
1

2
∥ϵnj ∥2 +

|νj − νm,j |
4

∥∇enj,0∥2 +
|ν′

j + ν
′

m,j |
4

∥∇ϵnj,0∥2. (2.40)

Add equations (2.39), and (2.40), and use triangle inequality, to get

1

2∆t

(
∥en+1

j ∥2 − ∥enj ∥2 + ∥ϵn+1
j ∥2 − ∥ϵnj ∥2

)
+

ν̄ + ν̄m
4

(
∥∇en+1

j,0 ∥2 + ∥∇ϵn+1
j,0 ∥2

)
≤ C

∆t

(
1

α2
j

+ 1 +∆t2

)(
∥∇en+1

j,R ∥2 + ∥∇ϵn+1
j,R ∥2

)
+

(
CC2

∗
αj

+
C∆t

h3αj
+

1

2

) J∑
j=1

(
∥enj ∥2 + ∥ϵnj ∥2

)
+
|νj − νm,j |+ |ν′

j + ν
′

m,j |
4

(
∥∇enj,0∥2 + ∥∇ϵnj,0∥2

)
. (2.41)
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Rearranging

1

2∆t

(
∥en+1

j ∥2 − ∥enj ∥2 + ∥ϵn+1
j ∥2 − ∥ϵnj ∥2

)
+
ν̄ + ν̄m

4

(
∥∇en+1

j,0 ∥2 − ∥∇enj,0∥2 + ∥∇ϵn+1
j,0 ∥2 − ∥∇ϵnj,0∥2

)
+
αj

4

(
∥∇enj,0∥2 + ∥∇ϵnj,0∥2

)
≤ C

∆t

(
1

α2
j

+ 1 +∆t2

)(
∥∇en+1

j,R ∥2 + ∥∇ϵn+1
j,R ∥2

)
+

(
CC2

∗
αj

+
C∆t

h3αj
+

1

2

) J∑
j=1

(
∥enj ∥2 + ∥ϵnj ∥2

)
. (2.42)

Multiply both sides by 2∆t, and summing over the time-step n = 0, 1, · · · ,M − 1, results in

∥eMj ∥2 + ∥ϵMj ∥2 + ν̄ + ν̄m
2

∆t
(
∥∇eMj,0∥2 + ∥∇ϵMj,0∥2

)
+

αj

2
∆t

M−1∑
n=1

(
∥∇enj,0∥2 + ∥∇ϵnj,0∥2

)
≤ C

(
1

α2
j

+ 1 +∆t2

)
M∑
n=1

(
∥∇enj,R∥2 + ∥∇ϵnj,R∥2

)
+∆t

(
CC2

∗
αj

+
C∆t

h3αj
+ 1

)M−1∑
n=1

J∑
j=1

(
∥enj ∥2 + ∥ϵnj ∥2

)
. (2.43)

Now, simplifying, and summing over j = 1, 2, · · · , J , we have

J∑
j=1

(
∥eMj ∥2 + ∥ϵMj ∥2

)
+∆t

M∑
n=1

αmin

2

J∑
j=1

(
∥∇enj,0∥2 + ∥∇ϵnj,0∥2

)

≤
M∑
n=1

C

(
1

α2
min

+ 1 +∆t2
) J∑

j=1

(
∥∇enj,R∥2 + ∥∇ϵnj,R∥2

)

+∆t

M−1∑
n=1

(
CC2

∗
αmin

+
C∆t

h3αmin
+ J

) J∑
j=1

(
∥enj ∥2 + ∥ϵnj ∥2

)
. (2.44)

Apply the version of the discrete Grönwall inequality given in Lemma 1.1

J∑
j=1

(
∥eMj ∥2 + ∥ϵMj ∥2

)
+

αmin

2
∆t

M∑
n=1

J∑
j=1

(
∥∇enj,0∥2 + ∥∇ϵnj,0∥2

)

≤ exp

(
CC2

∗
αmin

+
C∆t

h3αmin
+ JT

)[
C

(
1

α2
min

+ 1 +∆t2
) M∑

n=1

J∑
j=1

(
∥∇enj,R∥2 + ∥∇ϵnj,R∥2

)]
, (2.45)

and use the estimate (2.33) in (2.45), to get

∆t

M∑
n=1

J∑
j=1

(
∥∇enj,0∥2 + ∥∇ϵnj,0∥2

)
≤ CC2

R

γ2αmin
exp

(
CC2

∗
αmin

+
C∆t

h3αmin

)

×

[(
1

α2
min

+ 1 +∆t2
)M−1∑

n=0

J∑
j=1

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
)]

. (2.46)



26

Using triangle and Young’s inequalities

∆t

M∑
n=1

(
∥∇<e0>

n ∥2 + ∥∇<ϵ0>
n ∥2

)
≤ 2∆t

J2

M∑
n=1

J∑
j=1

(
∥∇enj,0∥2 + ∥∇ϵnj,0∥2

)
≤ CC2

R

γ2αmin
exp

(
CC2

∗
αmin

+
C∆t

h3αmin

)
×

[(
1

α2
min

+ 1 +∆t2
)M−1∑

n=0

J∑
j=1

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
)]

, (2.47)

and

∆t

M∑
n=1

(
∥∇<eR>n ∥2 + ∥∇<ϵR>n ∥2

)
≤ 2∆t

J2

M∑
n=1

J∑
j=1

(
∥∇enj,R∥2 + ∥∇ϵnj,R∥2

)

≤ CC2
R

γ2
exp

(
CC2

∗
αmin

+
C∆t

h3αmin

)∆t

M−1∑
n=0

J∑
j=1

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
) . (2.48)

Finally, apply triangle and Young’s inequalities on

∥∇<vh>
n −∇<v̂h>

n ∥2 + ∥∇<wh>
n −∇<ŵh>

n ∥2

to obtain the desire result.

□

We prove the following Lemma by strong mathematical induction.

Lemma 2.4. If γ → ∞ then there exists a constant C∗ which is independent of h, and ∆t, such

that for sufficiently small h for a fixed mesh and fixed ∆t, the solution of the Algorithm 2 satisfies

max
0≤n≤M

{
∥v̂nj,h∥∞, ∥ŵn

j,h∥∞
}
≤ C∗, for all j = 1, 2, · · · , J. (2.49)

Proof: Basic step: v̂0j,h = Ih(v
true
j (0,x)), where Ih is an appropriate interpolation operator. Because

of the regularity assumption of vtruej (0,x), we have ∥v̂0j,h∥∞ ≤ C∗, for some constant C∗ > 0.

Inductive step: Assume for some L ∈ N and L < M , ∥v̂nj,h∥∞ ≤ C∗ holds true for n = 0, 1, · · · , L. Then,

using triangle inequality and Lemma 1.1, we have

∥v̂L+1
j,h ∥∞ ≤ ∥v̂L+1

j,h − vL+1
j,h ∥∞ + C∗.

Using Agmon’s inequality [38], and discrete inverse inequality, yields

∥v̂L+1
j,h ∥∞ ≤ Ch− 3

2 ∥v̂L+1
j,h − vL+1

j,h ∥+ C∗. (2.50)



27

Next, using equation (2.32)

∥v̂L+1
j,h ∥∞ ≤ C∗

+
C

h
3
2 γ

1
2

exp

(
CT

(
C2

∗
αmin

+
∆t

h3αmin

))∆t

L∑
n=0

J∑
j=1

(
∥qn+1

j,h − q̂nj,h∥2 + ∥λn+1
j,h − λ̂n

j,h∥2
) 1

2

. (2.51)

For a fixed mesh, and timestep size, as γ → ∞, yields ∥v̂L+1
j,h ∥∞ ≤ C∗. Hence, by the principle of strong

mathematical induction, ∥v̂nj,h∥∞ ≤ C∗ holds true for 0 ≤ n ≤ M .

Similarly, we can prove the uniform boundedness of ŵn
j,h.

□

2.3 Numerical Experiments

To test the proposed algorithm and the associated theories, in this section, we present results of numerical

experiments. We use J = 20 realizations, with an index of j = 1, 2, · · · , J in all experiments through

out this thesis.

For MHD simulations, it is crucial to enforce the solenoidal constraint ∇ · Bj,h = 0 strongly,

otherwise, it can produce large errors in the solution [9, 32]. Thus, it is popular to use pointwise

divergence-free element such as (P2, P
disc
1 ) Scott-Vogelius (SV) elements on barycenter refined regular

triangular meshes to enforce the divergence constraints [1, 19, 25, 36, 37]. However, using the SV

element requires higher degrees of freedom which increases the computational complexity. To overcome

this issue, the proposed Algorithms have a feature to use grad-div stabilization parameter which allows

us to use weakly divergence-free element without reducing the accuracy of the solutions [10, 15] with the

appropriate choice of the parameter [21]. Thus, we will use stable weakly divergence-free Taylor-hood

(TH) element (P2, P1) for the velocity-pressure and magnetic field-magnetic pressure pairs on regular

unstructured triangular mesh with grad-div stabilization parameter γ = 105. To estimate the viscosity

parameters ν, and νm, we draw an independent sample of size J = 20 from a uniform distribution for

each parameter.
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2.3.1 Convergence Rate Verification

We will begin this experiment with the following manufactured analytical functions,

v =

(
cos y + (1 + et) sin y

sinx+ (1 + et) cosx

)
, w =

(
cos y − (1 + et) sin y

sinx− (1 + et) cosx

)
, p = sin (x+ y)(1 + et), and λ = 0. (2.52)

For clarity, ∇·v = ∇·w = 0. Next, by introducing a perturbation parameter ϵ we introduce noise

in the above analytical functions as below to create manufactured solutions of (1.11)-(1.13)

vj(x, t) := (1 + kjϵ)v, wj(x, t) := (1 + kjϵ)w, pj := (1 + kjϵ)p, and λj := 0, (2.53)

where kj = (−1)j+1⌈j/2⌉/5, and j = 1, 2, · · · , 20. We consider the kinematic viscosity ν and mag-

netic diffusivity νm are continuous random variables with uniform distribution. In this experiment,

we consider ν ∼ U(0.0009, 0.0011) with E[ν] = 0.001, ν ∼ U(0.009, 0.011) with E[ν] = 0.01, and

νm ∼ U(0.0009, 0.0011) with E[νm] = 0.001. For each of the cases, we collect a i.i.d sample size of 20

which leads us to have two two-dimensional random samples. For a fixed j together with pair (νj , νm,j),

and the analytical solution in (2.53), we compute the forcing functions as follows:

f 1,j = vj,t +wj · ∇vj −
νj + νm,j

2
∆vj −

νj − νm,j

2
∆wj +∇qj ,

f 2,j = wj,t + vj · ∇wj −
νj + νm,j

2
∆wj −

νj − νm,j

2
∆vj +∇rj .

We consider a domain Ω = (0, 1)2, boundary conditions vj,h|∂Ω = vj , and wj,h|∂Ω = wj , and use

v0j,h = vj(x, 0), and w
0
j,h = wj(x, 0) as the first timestep initial condition and use them to generate a

second initial condition v1j,h, and w
1
j,h for t = ∆t. Using the Algorithm 1, we compute the ensemble

average solution (<vh>
n, <wh>

n) at t = tn compare with the true ensemble average solution (<v(tn)>

,<w(tn)>). For all j, we run the simulations and compute the ensemble average of the solutions, use

it for further simulations.

For z = v or w, we define the error as <ez>:=<z> − <zh> and compute

∥<ez>∥2,1 := ∥<ez>∥L2(0,T ;H1(Ω)d).

To receive the temporal convergence, we use a fixed mesh width of h = 1/64, end time T = 1, vary

timestep size as ∆t = T/4, T/8, T/16, T/32, and T/64, on the other hand, to get the spatial con-

vergence, we use a small end time T = 0.001, a fixed timestep size ∆t = T/8, vary mesh width as

h = 1/4, 1/8, 1/16, 1/32, and 1/64. For both cases, we run the simulations using the proposed Algorithm

1 varying the perturbation parameter ϵ (which introduce noise in the initial, and boundary conditions
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and forcing functions), and the two two-dimensional random samples {(νj , νm,j) ∈ [0.0009, 0.0011] ×

[0.0009, 0.0011]} and {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}, where j = 1, 2, · · · , 20.

Then, we record the errors, compute the convergence rates, and present them in Tables (2.1) to

(2.6). In Tables (2.1) to (2.3), we observe the second order temporal convergence which is an excellent

agreement with the theoretical claim, and in Tables (2.4) to (2.6) we observe a second order spatial

convergence which is also consistent with the theory as we have used (P2, P1) element.

We append Tables 2.1 to 2.6 to provide the temporal and spatial convergence at various ϵ values.

Table 2.1: SPP-Scheme: Temporal errors and convergence rates for v and w with ϵ = 0.0. The left-hand side tables are
utilizing a γ = 106 while the right-hand side tables are utilizing a γ = 1000.

Temporal convergence (fixed h = 1/64, T = 1) with j = 1, 2, · · ·, 20
ϵ = 0.0 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}
∆t ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
T
4

9.9868e-01 7.7220e-01 5.2665e-01 4.5646e-01
T
8

4.8885e-01 1.03 3.7913e-01 1.03 3.0570e-01 0.78 2.7844e-01 0.71
T
16

2.4218e-01 1.01 1.8806e-01 1.01 1.7439e-01 0.81 1.6337e-01 0.77
T
32

1.2062e-01 1.01 9.3749e-02 1.00 9.4094e-02 0.89 8.9479e-02 0.87
T
64

6.0175e-02 1.00 4.6772e-02 1.00 4.7543e-02 0.98 4.5659e-02 0.97

Table 2.2: SPP-Scheme: Temporal errors and convergence rates for v and w with ϵ = 0.001. The left-hand side tables
are utilizing a γ = 106 while the right-hand side tables are utilizing a γ = 1000.

Temporal convergence (fixed h = 1/64, T = 1) with j = 1, 2, · · ·, 20
ϵ = 0.001 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

∆t ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
T
4

9.9696e-01 7.6768e-01 5.2627e-01 4.5578e-01
T
8

4.8837e-01 1.03 3.7790e-01 1.02 3.0550e-01 0.78 2.7814e-01 0.71
T
16

2.4206e-01 1.01 1.8773e-01 1.01 1.7429e-01 0.81 1.6324e-01 0.77
T
32

1.2058e-01 1.01 9.3659e-02 1.00 9.4045e-02 0.89 8.9417e-02 0.87
T
64

6.0164e-02 1.00 4.6742e-02 1.00 4.7513e-02 0.99 4.5624e-02 0.97

Table 2.3: SPP-Scheme: Temporal errors and convergence rates for v and w with ϵ = 0.01. The left-hand side tables
are utilizing a γ = 5 ∗ 106 while the right-hand side tables are utilizing a γ = 500.

Temporal convergence (fixed h = 1/64, T = 1) with j = 1, 2, · · ·, 20
ϵ = 0.01 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

∆t ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
T
4

8.7552e-01 5.5278e-01 4.9256e-01 4.0207e-01
T
8

4.5127e-01 0.96 3.0317e-01 0.87 2.8613e-01 0.78 2.5118e-01 0.68
T
16

2.3237e-01 0.96 1.6389e-01 0.89 1.6344e-01 0.81 1.4997e-01 0.74
T
32

1.1917e-01 0.96 8.6968e-02 0.91 8.7809e-02 0.90 8.2699e-02 0.86
T
64

6.1127e-02 0.96 4.5461e-02 0.94 4.3426e-02 1.02 4.1739e-02 0.99
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Table 2.4: SPP-Scheme: Spatial errors and convergence rates for v and w with ϵ = 0.0, and γ = 106.

Spatial convergence (fixed T = 0.001, ∆t = T/8) with j = 1, 2, · · ·, 20
ϵ = 0.0 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

h ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
1
4

1.1422e-04 2.1889e-04 1.1422e-04 2.1889e-04
1
8

2.8712e-05 1.99 5.4683e-05 2.00 2.8712e-05 1.99 5.4683e-05 2.00
1
16

7.1879e-06 2.00 1.3669e-05 2.00 7.1879e-06 2.00 1.3669e-05 2.00
1
32

1.7989e-06 2.00 3.4177e-06 2.00 1.7988e-06 2.00 3.4176e-06 2.00
1
64

4.6009e-07 1.97 8.5915e-07 1.99 4.5706e-07 1.98 8.5798e-07 1.99

Table 2.5: SPP-Scheme: Spatial errors and convergence rates for v and w with ϵ = 0.001, and γ = 106.

Spatial convergence (fixed T = 0.001, ∆t = T/8) with j = 1, 2, · · ·, 20
ϵ = 0.001 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

h ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
1
4

1.1422e-04 2.1889e-04 1.1422e-04 2.1889e-04
1
8

2.8712e-05 1.99 5.4683e-05 2.00 2.8712e-05 1.99 5.4683e-05 2.00
1
16

7.1879e-06 2.00 1.3669e-05 2.00 7.1879e-06 2.00 1.3669e-05 2.00
1
32

1.7989e-06 2.00 3.4177e-06 2.00 1.7988e-06 2.00 3.4176e-06 2.00
1
64

4.6012e-07 1.97 8.5920e-07 1.99 4.5695e-07 1.98 8.5796e-07 1.99

Table 2.6: SPP-Scheme: Spatial errors and convergence rates for v and w with ϵ = 0.01, and γ = 106.

Spatial convergence (fixed T = 0.001, ∆t = T/8) with j = 1, 2, · · ·, 20
ϵ = 0.01 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

h ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
1
4

1.1422e-04 2.1889e-04 1.1422e-04 2.1889e-04
1
8

2.8712e-05 1.99 5.4683e-05 2.00 2.8712e-05 1.99 5.4683e-05 2.00
1
16

7.1882e-06 2.00 1.3669e-05 2.00 7.1882e-06 2.00 1.3669e-05 2.00
1
32

1.8012e-06 2.00 3.4189e-06 2.00 1.8010e-06 2.00 3.4188e-06 2.00
1
64

4.7631e-07 1.92 8.6788e-07 1.98 4.7252e-07 1.93 8.6622e-07 1.98
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2.3.2 Channel Flow over a Step Problem

We will now demonstrate Algorithm 2 within a two dimensional channel flow past a unit step

under the influence of a magnetic field within figures (2.1) to (2.2). The domain of the flow is a

30 × 10 rectangular channel over a 1 × 1 step on the lower wall, five units away from the inflow.

We implement boundary conditions for u and B corresponding to the no slip velocity conditions.

Figures(2.1)-(2.2) will run utilizing a T = 40 with a timestep of ∆t = 0.05. The simulations will be

utilizing a constant coupling parameter s = 0.001, stabilization parameter γ = 100000, mean kinematic

viscosity E[ν] = 0.001 for a random sample with distribution ν ∼ U(0.0009, 0.0011), and mean magnetic

diffusivity E[νm] = 0.01 for a random sample with the distribution νm ∼ U(0.009, 0.011). The solutions

from Algorithm 1 will be denoted as “Usual MHD”. The no slip boundary condition is prescribed for

the velocity and B =< 0, 1 >T is enforced for the magnetic field on the walls. At the inflow, we set

u =< y(10 − y)/25, 0 >T and B =< 0, 1 >T , and the outflow condition uses a channel extension of

10 units, and at the end of the extension, we set outflow velocity and magnetic field equal to their

counterpart in the inflow. For our simulation we will be utilizing a u0 :=< y(10 − y)/25, 0 >T and

B0 :=< 0, 1 >T as initial conditions. A triangular unstructured mesh of the domain that provides a

total of 419, 058 degrees of freedom (dof) is considered, where velocity dof = 186, 134, magnetic field

dof = 186, 134, pressure dof = 23, 395, and magnetic pressure dof = 23, 395.

Following a similar idea from [33], we will be considering outflow boundary conditions ∂Ω = Γ1∪Γ2

with velocity boundary conditions u|Γ1
= 0 and (−ν∇u+ pI) · n|Γ2

= 0. We will change the definition

of the velocity space such that:

Xh = {vh ∈ Pk(Th) ∩H1(Ω), vh|Γ1
= 0},

We will also implement the natural boundary condition
(
(−ν∇un+1

h − γ(∇ ·un+1
h )I) · n

)
|Γ2

= 0 in step

1 and step 3 by dropping the resulting integral within the formulation. We will also implement the

Dirichlet condition pn+1
h |Γ2 = 0 in step 2 and step 4, and change this velocity space to:

Y h = {vh ∈ Pk(Th) ∩H1(Ω), vh · n|Γ1
= 0}.



32

Fig. 2.1: A comparison for the velocity ensemble average solutions between the SPP-FEM algorithm
(left hand side), and the preliminary BE-MHD algorithm (right hand side). Both algorithms are shown
at T = 40 with an E[νj ] = 0.001 and E[νm,j ] = 0.01 for MHD channel flow over a step.

SPP-FEM BE-MHD
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Fig. 2.2: A comparison for the magnetic field ensemble average solutions between the SPP-FEM algo-
rithm (left hand side), and the preliminary BE-MHD algorithm (right hand side). Both algorithms are
shown at T = 40 with an E[νj ] = 0.001 and E[νm,j ] = 0.01 for MHD channel flow over a step.

SPP-FEM BE-MHD
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2.3.3 Lid-driven Cavity

We now consider a 2D benchmark regularized lid-driven cavity problem [4, 16, 27] with a domain

Ω = (−1, 1)2. No-slip boundary conditions are applied to all sides excluding the lid of the cavity located

at the top of the simulation. We will impose

uj =

(
1 +

(−1)j+1⌈j/2⌉
5

ϵ

)(
(1− x2)2

0

)
.

For the magnetic field boundary conditions, we assign

Bj =

(
1 +

(−1)j+1⌈j/2⌉
5

ϵ

)(
0

1

)
.

on all sides. The generated computational mesh of the domain provides a total of 729,840 degrees of

freedom (dof), where velocity dof = 324, 266, magnetic field dof = 324, 266, pressure dof = 40, 654, and

magnetic pressure dof = 40, 654. With the absence of any magnetic field or external sources at the

beginning of the simulation, the flow initiates in a state of rest.

To study the long-time unsteady flow behavior, we first validate our computation with available

data from literature [16]. To initiate the process, we commence by conducting a simulation without the

magnetic field (by setting s = 0 in the model) while maintaining the Reynolds number Re = 15000. This

implies that there are no perturbations in the viscosities, and the initial and boundary conditions remain

unchanged. The maximum velocity of the lid is 1 and the characteristic length is 2, therefore we must

define the viscosity ν = 2/Re. We run the simulation with time-step size ∆t = 5 until the simulation

finishes at T = 600. The Fig.2.3 illustrates the presence of a prominent primary vortex located at the

center of the cavity. Additionally, there are two smaller vortices observed near the bottom corners, as

well as a minuscule vortex situated at the upper left corner.

All simulations ran will utilize a chosen coupling parameter s with a fixed ϵ = 0.01 and can be

seen in Figures 2.4 to 2.5.
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Fig. 2.3: A regularized lid driven cavity problem showing the velocity strength with streamlines over
speed contours for Re = 15000 using coupling parameter s = 0.0.



36

Fig. 2.4: A regularized lid driven cavity problem showing the velocity strength with streamlines over
speed contours for random Re ∈ [13636.36, 16666.67] at T = 600 using various coupling parameter s
values.
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Fig. 2.5: A regularized lid driven cavity problem showing the magnetic field solution with streamlines
over speed contours for random Re ∈ [13636.36, 16666.67] at T = 600 using various s values.
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3 Implicit-Explicit Second Order Time-stepping Ensemble

Scheme

We suppress the spatial discretization momentarily to keep the focus on the main idea. We consider a

uniform time-step size ∆t and let tn = n∆t for n = 0, 1, · · · , then computing the J solutions indepen-

dently, it takes the following form:

Step 1: For j = 1, · · ·, J ,

3vn+1
j,h

2∆t
+ < w >n ·∇vn+1

j,h − ν̄ + ν̄m
2

∆vn+1
j,h + γ∇(∇ · vn+1

j,h ) +∇qn+1
j,h = f 1,j(t

n+1)

+
4vnj,h − vn−1

j,h

2∆t
−w

′n
j,h · ∇(2vnj,h − vn−1

j,h ) +
ν

′

j,h + ν
′

m,j

2
∆(2vnj,h − vn−1

j,h )

+ (1− θ)
νj,h − νm,j

2
∆wn

j,h + θ
νj,h − νm,j

2
∆(2wn

j,h −wn−1
j,h ), (3.1)

∇ · vn+1
j,h = 0. (3.2)

Step 2: For j = 1, · · ·, J ,

3wn+1
j,h

2∆t
+ < v >n ·∇wn+1

j,h − ν̄ + ν̄m
2

∆wn+1
j,h + γ∇(∇ ·wn+1

j,h ) +∇rn+1
j,h = f 2,j(t

n+1)

+
4wn

j,h −wn−1
j,h

2∆t
− v

′n
j,h · ∇(2wn

j,h −wn−1
j,h ) +

ν
′

j,h + ν
′

m,j

2
∆(2wn

j,h −wn−1
j,h )

+ (1− θ)
νj,h − νm,j

2
∆vnj,h + θ

νj,h − νm,j

2
∆(2vnj,h − vn−1

j,h ), (3.3)

∇ ·wn+1
j,h = 0. (3.4)

Here, vnj,h,w
n
j,h, q

n
j,h, and rnj,h denote approximations of vj(·, tn),wj(·, tn), qj(·, tn), and rj(·, tn), respec-

tively. The ensemble average and fluctuation about the ensemble average are defined as follows:

< z >n: =
1

J

J∑
j=1

(2znj − zn−1
j ), z

′n
j := 2znj − zn−1

j − < z >n,

ν̄ : =
1

J

J∑
j=1

νj , ν
′

j := νj − ν̄,

ν̄m : =
1

J

J∑
j=1

νm,j , ν
′

m,j := νm,j − ν̄m.


(3.5)

We observe, at time t = tn+1, the sub-problem (3.1)-(3.2) has unknowns vn+1
j,h , and qn+1

j,h and

on the other hand, the sub-problem (3.3)-(3.4) has unknowns wn+1
j,h , and rn+1

j,h . Thus, the two sub-

problems are decoupled and can be solved simultaneously. Moreover, the coefficient of each unknown in

the two sub-problems does not depend on j, which allows having the same system matrix for all of the
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j realizations at each time-step after the finite element assembly. Consequently, we only need to solve a

single linear system with J different right-hand-side vectors at each time-step. Therefore, in contrast to

solving J different simulations independently, we only need a single LU decomposition or its variant if a

direct solver is possible to use and a single preconditioner is needed to build if a block-iterative solver is

used. This allows us to reduce a massive computational complexity for simulating convective-dominated

MHD ensemble flow problems with low variability.

3.1 Fully Discrete θ-Scheme

Using a finite element spatial discretization, we investigate the proposed decoupled ensemble scheme

(3.1)-(3.4) in a fully discrete setting. Following the definitions in (3.5), we define the discrete ensemble

average solutions as

<vh>
n: =

1

J

J∑
j=1

(2vnj,h − vn−1
j,h ), <wh>

n:=
1

J

J∑
j=1

(2wn
j,h −wn−1

j,h ).

The fully discrete, and decoupled time-stepping scheme for computing MHD flow ensembles is defined

below.
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Algorithm 3: Fully discrete and decoupled second order timestepping ensemble scheme

Given time-step ∆t > 0, end time T > 0, grad-div parameter γ > 0, initial conditions

v0j ,w
0
j ,v

1
j ,w

1
j ∈H2 ∪ V and f 1,j , f 2,j ∈ L2

(
0, T ;H−1(Ω)

)
for j = 1, 2, · · ·, J . We set

M = T/∆t and for n = 1, · · ·,M − 1, to compute: Find vn+1
j,h ∈ V h satisfying, for all

χχχj,h ∈ V h:

(
3vn+1

j,h − 4vnj,h + vn−1
j,h

2∆t
,χχχj,h

)
+ b∗

(
< wh >n,vn+1

j,h ,χχχj,h

)
+ b∗

(
w

′n
j,h, 2v

n
j,h − vn−1

j,h ,χχχj,h

)
+

ν̄ + ν̄m
2

(
∇vn+1

j,h ,∇χχχj,h

)
+

ν
′

j + ν
′

m,j

2

(
∇(2vnj,h − vn−1

j,h ),∇χχχj,h

)
+ (1− θ)

νj − νm,j

2

(
∇wn

j,h,∇χχχj,h

)
+ θ

νj − νm,j

2

(
∇(2wn

j,h −wn−1
j,h ),∇χχχj,h

)
+ γ
(
∇ · vn+1

j,h ,∇ ·χχχj,h

)
=
(
f 1,j(t

n+1),χχχj,h

)
. (3.6)

Find wn+1
j,h ∈ V h satisfying, for all lj,h ∈ V h:

(
3wn+1

j,h − 4wn
j,h +wn−1

j,h

2∆t
, lj,h

)
+ b∗

(
< vh >n,wn+1

j,h , lj,h

)
+ b∗

(
v

′n
j,h, 2w

n
j,h −wn−1

j,h , lj,h

)
+

ν̄ + ν̄m
2

(
∇wn+1

j,h ,∇lj,h
)
+

ν
′

j + ν
′

m,j

2

(
∇(2wn

j,h −wn−1
j,h ),∇lj,h

)
+ (1− θ)

νj − νm,j

2

(
∇vnj,h,∇lj,h

)
+ θ

νj − νm,j

2

(
∇(2vnj,h − vn−1

j,h ),∇lj,h
)

+ γ
(
∇ ·wn+1

j,h ,∇ · lj,h
)
=
(
f 2,j(t

n+1), lj,h
)
. (3.7)

3.2 Stability Analysis

We now prove stability and well-posedness for the Algorithm 3. To simplify the notation, denote

αj := ν̄ + ν̄m − |νj − νm,j |(1 + 2θ)− 3|ν′

j + ν
′

m,j | > 0, for j = 1, 2, · · ·, J , which will allow us to choose

the biggest possible θ on

θ

1 + θ
<

ν̄

ν̄m
<

1 + θ

θ
.
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Theorem 3.1. Suppose f1,j , f2,j ∈ L2
(
0, T ;H−1(Ω)d

)
, and v0j,h, w

0
j,h ∈ H1(Ω)d, then the

solutions to the Algorithm 3 are stable: For ∆t ≤ αminh
2

C max
1≤j≤J

{
∥∇v

′n
j,h∥2,∥∇w

′n
j,h∥2

} , if αj > 0

∥vMj,h∥2 + ∥2vMj,h − vM−1
j,h ∥2 + ∥wM

j,h∥2 + ∥2wM
j,h −wM−1

j,h ∥2

+ αj∆t

M∑
n=2

(
∥∇vnj,h∥2 + ∥∇wn

j,h∥2
)
+ 4γ∆t

M∑
n=2

(
∥∇ · vnj,h∥2 + ∥∇ ·wn

j,h∥2
)

≤ ∥v0j,h∥2 + ∥w0
j,h∥2 + ∥2v1j,h − v0j,h∥2 + ∥2w1

j,h −w0
j,h∥2

+ (ν̄ + ν̄m)∆t
(
∥∇v1j,h∥2 + ∥∇w1

j,h∥2 + ∥∇v0j,h∥2 + ∥∇w0
j,h∥2

)
+

8∆t

αj

M−1∑
n=1

(
∥f1,j(tn+1)∥2−1 + ∥f2,j(tn+1)∥2−1

)
. (3.8)

Proof: The proof can be considered as 3 steps: In order to get the solution norms, we choose

the test functions in the first step, in the second step we find the upper bounds of the terms on the

right-hand-side, and then finally we combine the estimates, reduces terms and completes the proof as

follows:

First, choose test functions to get solution norms. Choose χχχj,h = vn+1
j,h in (3.6), and lj,h = wn+1

j,h

in (3.7), respectively to obtain

(
3vn+1

j,h − 4vnj,h + vn−1
j,h

2∆t
,vn+1

j,h

)
+ b∗

(
w

′n
j,h, 2v

n
j,h − vn−1

j,h ,vn+1
j,h

)
+

ν̄ + ν̄m
2

∥∇vn+1
j,h ∥2

+ γ∥∇ · vn+1
j,h ∥2 =

(
f 1,j(t

n+1),vn+1
j,h

)
−

ν
′

j + ν
′

m,j

2

(
∇(2vnj,h − vn−1

j,h ),∇vn+1
j,h

)
− (1− θ)

νj − νm,j

2

(
∇wn

j,h,∇vn+1
j,h

)
− θ

νj − νm,j

2

(
∇(2wn

j,h −wn−1
j,h ),∇vn+1

j,h

)
, (3.9)

and

(
3wn+1

j,h − 4wn
j,h +wn−1

j,h

2∆t
,wn+1

j,h

)
+ b∗

(
v

′n
j,h, 2w

n
j,h −wn−1

j,h ,wn+1
j,h

)
+

ν̄ + ν̄m
2

∥∇wn+1
j,h ∥2

+ γ∥∇ ·wn+1
j,h ∥2 =

(
f 2,j(t

n+1),wn+1
j,h

)
−

ν
′

j + ν
′

m,j

2

(
∇(2wn

j,h −wn−1
j,h ),∇wn+1

j,h

)
− (1− θ)

νj − νm,j

2

(
∇vnj,h,∇wn+1

j,h

)
− θ

νj − νm,j

2

(
∇(2vnj,h − vn−1

j,h ),∇wn+1
j,h

)
. (3.10)

Using the following identity

(3a− 4b+ c, a) =
a2 + (2a− b)2

2
− b2 + (2b− c)2

2
+

(a− 2b+ c)2

2
, (3.11)
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we write

1

4∆t

(
∥vn+1

j,h ∥2−∥vnj,h∥2 + ∥2vn+1
j,h − vnj,h∥2 − ∥2vnj,h − vn−1

j,h ∥2 + ∥vn+1
j,h − 2vnj,h + vn−1

j,h ∥2
)

+ b∗
(
w

′n
j,h, 2v

n
j,h − vn−1

j,h ,vn+1
j,h

)
+

ν̄ + ν̄m
2

∥∇vn+1
j,h ∥2 + γ∥∇ · vn+1

j,h ∥2

= (f 1,j(t
n+1), vn+1

j,h )− νj − νm,j

2

(
(1 + θ)∇wn

j,h − θ∇wn−1
j,h ,∇vn+1

j,h

)
−

ν
′

j + ν
′

m,j

2

(
∇(2vnj,h − vn−1

j,h ),∇vn+1
j,h

)
, (3.12)

and

1

4∆t

(
∥wn+1

j,h ∥2−∥wn
j,h∥2 + ∥2wn+1

j,h −wn
j,h∥2 − ∥2wn

j,h −wn−1
j,h ∥2 + ∥wn+1

j,h − 2wn
j,h +wn−1

j,h ∥2
)

+ b∗
(
v

′n
j,h, 2w

n
j,h −wn−1

j,h ,wn+1
j,h

)
+

ν̄ + ν̄m
2

∥∇wn+1
j,h ∥2 + γ∥∇ ·wn+1

j,h ∥2

= (f 2,j(t
n+1), wn+1

j,h )− νj − νm,j

2

(
(1 + θ)∇vnj,h − θ∇vn−1

j,h ,∇wn+1
j,h

)
−

ν
′

j + ν
′

m,j

2

(
∇(2wn

j,h −wn−1
j,h ),∇wn+1

j,h

)
. (3.13)

Next, following the property b∗(u,v,w) = −b∗(u,w,v), using the bound in (1.14) and discrete inverse

inequality, we have

b∗
(
w

′n
j,h, 2v

n
j,h − vn−1

j,h ,vn+1
j,h

)
= b∗

(
w

′n
j,h,v

n+1
j,h ,vn+1

j,h − 2vnj,h + vn−1
j,h

)
≤ C∥∇w

′n
j,h∥∥∇vn+1

j,h ∥∥∇
(
vn+1
j,h − 2vnj,h + vn−1

j,h

)
∥

≤ C

h
∥∇w

′n
j,h∥∥∇vn+1

j,h ∥∥vn+1
j,h − 2vnj,h + vn−1

j,h ∥. (3.14)

Using the above bound, adding equations (3.12) and (3.13), applying the Cauchy-Schwarz and Young’s

inequalities to the νj − νm,j , and ν
′

j + ν
′

m,j terms, and rearranging, this yields
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1

4∆t

(
∥vn+1

j,h ∥2 − ∥vnj,h∥2 + ∥2vn+1
j,h − vnj,h∥2 − ∥2vnj,h − vn−1

j,h ∥2 + ∥vn+1
j,h − 2vnj,h + vn−1

j,h ∥2

+∥wn+1
j,h ∥2 − ∥wn

j,h∥2 + ∥2wn+1
j,h −wn

j,h∥2 − ∥2wn
j,h −wn−1

j,h ∥2 + ∥wn+1
j,h − 2wn

j,h +wn−1
j,h ∥2

)
+
ν̄ + ν̄m

2

(
∥∇vn+1

j,h ∥2 + ∥∇wn+1
j,h ∥2

)
+ γ

(
∥∇ · vn+1

j,h ∥2 + ∥∇ ·wn+1
j,h ∥2

)
≤

|νj − νm,j | (1 + 2θ) + 3|ν′

j + ν
′

m,j |
4

(
∥∇vn+1

j,h ∥2 + ∥∇wn+1
j,h ∥2

)
+
|νj − νm,j | (1 + θ) + 2|ν′

j + ν
′

m,j |
4

(
∥∇vnj,h∥2 + ∥∇wn

j,h∥2
)

+
|νj − νm,j | θ + |ν′

j + ν
′

m,j |
4

(
∥∇vn−1

j,h ∥2 + ∥∇wn−1
j,h ∥2

)
+
C

h
∥∇w

′n
j,h∥∥∇vn+1

j,h ∥∥vn+1
j,h − 2vnj,h + vn−1

j,h ∥

+
C

h
∥∇v

′n
j,h∥∥∇wn+1

j,h ∥∥wn+1
j,h − 2wn

j,h +wn−1
j,h ∥

+∥f 1,j(t
n+1)∥−1∥∇vn+1

j,h ∥+ ∥f 2,j(t
n+1)∥−1∥∇wn+1

j,h ∥. (3.15)

Next, we apply Young’s inequality using αj/8 with the forcing terms, and non-linear terms, noting that

αj > 0 by the assumed choice of θ, and hiding terms on the left, and rearranging, we have

1

4∆t

(
∥vn+1

j,h ∥2 − ∥vnj,h∥2 + ∥2vn+1
j,h − vnj,h∥2 − ∥2vnj,h − vn−1

j,h ∥2

+∥wn+1
j,h ∥2 − ∥wn

j,h∥2 + ∥2wn+1
j,h −wn

j,h∥2 − ∥2wn
j,h −wn−1

j,h ∥2
)

+
ν̄ + ν̄m

4

(
∥∇vn+1

j,h ∥2 + ∥∇wn+1
j,h ∥2

)
+ γ

(
∥∇ · vn+1

j,h ∥2 + ∥∇ ·wn+1
j,h ∥2

)
+

(
1

4∆t
− C

αjh2
∥∇w

′n
j,h∥2

)
∥vn+1

j,h − 2vnj,h + vn−1
j,h ∥2

+

(
1

4∆t
− C

αjh2
∥∇v

′n
j,h∥2

)
∥wn+1

j,h − 2wn
j,h +wn−1

j,h ∥2

≤
|νj − νm,j | (1 + θ) + 2|ν′

j + ν
′

m,j |
4

(
∥∇vnj,h∥2 + ∥∇wn

j,h∥2
)

+
|νj − νm,j | θ + |ν′

j + ν
′

m,j |
4

(
∥∇vn−1

j,h ∥2 + ∥∇wn−1
j,h ∥2

)
+

2

αj
∥f 1,j(t

n+1)∥2−1 +
2

αj
∥f 2,j(t

n+1)∥2−1. (3.16)

Now we choose ∆t ≤ αminh
2

C max
1≤j≤J

{
∥∇v

′n
j,h∥2,∥∇w

′n
j,h∥2

} , drop non-negative terms from left, and rearrange, we

have
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1

4∆t

(
∥vn+1

j,h ∥2 − ∥vnj,h∥2 + ∥2vn+1
j,h − vnj,h∥2 − ∥2vnj,h − vn−1

j,h ∥2

+ ∥wn+1
j,h ∥2 − ∥wn

j,h∥2 + ∥2wn+1
j,h −wn

j,h∥2 − ∥2wn
j,h −wn−1

j,h ∥2
)

+
ν̄ + ν̄m

4

(
∥∇vn+1

j,h ∥2 − ∥∇vnj,h∥2 + ∥∇wn+1
j,h ∥2 − ∥∇wn

j,h∥2
)

+
ν̄ + ν̄m − |νj − νm,j | (1 + θ)− 2|ν′

j + ν
′

m,j |
4

(
∥∇vnj,h∥2 − ∥∇vn−1

j,h ∥2 + ∥∇wn
j,h∥2 − ∥∇wn−1

j,h ∥2
)

+
ν̄ + ν̄m − |νj − νm,j | (1 + 2θ)− 3|ν′

j + ν
′

m,j |
4

(
∥∇vn−1

j,h ∥2 + ∥∇wn−1
j,h ∥2

)
+ γ

(
∥∇ · vn+1

j,h ∥2 + ∥∇ ·wn+1
j,h ∥2

)
≤ 2

αj
∥f 1,j(t

n+1)∥2−1 +
2

αj
∥f 2,j(t

n+1)∥2−1. (3.17)

Multiplying both sides by 4∆t, and summing over time-steps n = 1, · · · ,M − 1, dropping non-negative

terms from the left hand side completes the proof.

□

3.3 Convergence

In this section, we will prove the error estimate of Algorithm 3.

Theorem 3.2. Consider m = max{2, k + 1}, and j = 1, 2, · · · , J , assume (vj ,wj , qj) solves

(1.11)-(1.13) and satisfies

vj ,wj ∈ L∞(0, T ;Hm(Ω)d
)
, qj , rj ∈ L2

(
0, T, L2(Ω)d

)
,

vj,t,vj,t ∈ L∞(0, T,H1(Ω)d
)
,vj,tt,vj,tt ∈ L∞(0, T,H1(Ω)d

)
,vj,ttt,vj,ttt ∈ L∞(0, T,L2(Ω)d

)
.

Then the solution (vj,h,wj,h) to Algorithm 3 converges to the true solution: For any

∆t ≤ αminh
2

C max
1≤j≤J

{
∥∇v′n

j,h∥2, ∥∇w
′n
j,h∥2

} ,
one has

∥ < v > (T )− < vh >M ∥+ ∥ < w > (T )− < wh >M ∥

+(∆t)
1
2

M∑
n=2

{
∥∇
(
< v > (tn)− < vh >n

)
∥2 + ∥∇

(
< w > (tn)− < wh >n

)
∥2
} 1

2

≤ C

(
hk + (∆t)2 + (1− θ)∆t

√√√√ 1

J

J∑
j=1

(νj − νm,j)2
)
. (3.18)
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Proof: At first we build an error equation. Testing (1.11), and (1.12) with χχχj,h ∈ V h, and

lj,h ∈ V h, respectively at the time level tn+1, the continuous variational formulations can be written

(
3vj(t

n+1)− 4vj(t
n) + vj(t

n−1)

2∆t
,χχχj,h

)
+ b∗

(
wj(t

n+1),vj(t
n+1),χχχj,h

)
+
ν̄ + ν̄m

2

(
∇vj(tn+1),∇χχχj,h

)
+

ν
′

j + ν
′

m,j

2

(
∇(2vj(t

n)− vj(tn−1)),∇χχχj,h

)
+
νj − νm,j

2

(
(1 + θ)∇wj(t

n)− θ∇wj(t
n−1),χχχj,h

)
−
(
qj(t

n+1),∇ ·χχχj,h

)
+ γ
(
∇ · vj(tn+1),∇ ·χχχj,h

)
=
(
f 1,j(t

n+1),χχχj,h

)
−
ν

′

j + ν
′

m,j

2

(
∇
(
vj(t

n+1)− 2vj(t
n) + vj(t

n−1)
)
,∇χχχj,h

)
−νj − νm,j

2

(
∇(wj(t

n+1)− (1 + θ)wj(t
n) + θwj(t

n−1)),χχχj,h

)
−
(
vj,t(t

n+1)− 3vj(t
n+1)− 4vj(t

n) + vj(t
n−1)

2∆t
,χχχj,h

)
, (3.19)

and

(
3wj(t

n+1)− 4wj(t
n) +wj(t

n−1)

2∆t
, lj,h

)
+ b∗

(
vj(t

n+1),wj(t
n+1), lj,h

)
+
ν̄ + ν̄m

2

(
∇wj(t

n+1),∇lj,h
)
+

ν
′

j + ν
′

m,j

2

(
∇(2wj(t

n)−wj(t
n−1)),∇lj,h

)
+
νj − νm,j

2

(
(1 + θ)∇vj(tn)− θ∇vj(tn−1), lj,h

)
−
(
rj(t

n+1),∇ · lj,h
)
+ γ
(
∇ ·wj(t

n+1),∇ · lj,h
)
=
(
f 2,j(t

n+1), lj,h
)

−
ν

′

j + ν
′

m,j

2

(
∇
(
wj(t

n+1)− 2wj(t
n) +wj(t

n−1)
)
,∇lj,h

)
−νj − νm,j

2

(
∇(vj(t

n+1)− (1 + θ)vj(t
n) + θvj(t

n−1)), lj,h
)

−
(
wj,t(t

n+1)− 3wj(t
n+1)− 4wj(t

n) +wj(t
n−1)

2∆t
, lj,h

)
. (3.20)

Note that
(
∇·vj(tn+1),∇·χχχj,h

)
=
(
∇·wj(t

n+1),∇·lj,h
)
= 0. Denote env,j := vj(t

n)−vnj,h, and enw,j :=

wj(t
n)−wn

j,h. Subtracting (3.6) and (3.7) from equation (3.19) and (3.20), respectively it yields

(
3en+1

v,j − 4env,j + e
n−1
v,j

2∆t
,χχχj,h

)
+

ν̄ + ν̄m
2

(∇en+1
v,j ,∇χχχj,h) +

ν
′

j + ν
′

m,j

2

(
∇
(
2env,j − en−1

v,j

)
,∇χχχj,h

)
+

νj − νm,j

2

(
(1 + θ)∇enw,j − θ∇en−1

w,j ,∇χχχj,h

)
+ b∗

(
2enw,j − en−1

w,j ,vj(t
n+1),χχχj,h

)
+ b∗

(
2wn

j,h −wn−1
j,h , en+1

v,j ,χχχj,h

)
− b∗

(
w

′n
j,h, e

n+1
v,j − 2env,j + e

n−1
v,j ,χχχj,h

)
−
(
qj(t

n+1),∇ ·χχχj,h

)
+ γ
(
∇ · en+1

v,j ,∇ ·χχχj,h

)
= −G1(t,vj ,wj ,χχχj,h), (3.21)
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and

(
3en+1

w,j − 4enw,j + e
n−1
w,j

2∆t
, lj,h

)
+

ν̄ + ν̄m
2

(∇en+1
w,j ,∇lj,h) +

ν
′

j + ν
′

m,j

2

(
∇
(
2enw,j − en−1

w,j

)
,∇lj,h

)
+

νj − νm,j

2

(
(1 + θ)∇env,j − θ∇en−1

v,j ,∇lj,h
)
+ b∗

(
2enw,j − en−1

v,j ,wj(t
n+1), lj,h

)
+ b∗

(
2vnj,h − vn−1

j,h , en+1
w,j , lj,h

)
− b∗(v

′n
j,h, e

n+1
w,j − 2enw,j + e

n−1
w,j , lj,h)

−
(
rj(t

n+1),∇ · lj,h
)
+ γ
(
∇ · en+1

w,j ,∇ · lj,h
)
= −G2(t,vj ,wj , lj,h), (3.22)

where

G1(t,vj ,wj ,χχχj,h) := b∗
(
wj(t

n+1)− 2wj(t
n) +wj(t

n−1),vj(t
n+1),χχχj,h)

+ b∗
(
w

′n
j,h,vj(t

n+1)− 2vj(t
n) + vj(t

n−1),χχχj,h)

+
ν

′

j + ν
′

m,j

2

(
∇
(
vj(t

n+1)− 2vj(t
n) + vj(t

n−1)
)
,∇χχχj,h

)
+

νj − νm,j

2

(
∇(wj(t

n+1)− (1 + θ)wj(t
n) + θwj(t

n−1)),∇χχχj,h

)
+

(
vj,t(t

n+1)− 3vj(t
n+1)− 4vj(t

n) + vj(t
n−1)

2∆t
,χχχj,h

)
,

and

G2(t,vj ,wj , lj,h) := b∗
(
vj(t

n+1)− 2vj(t
n) + vj(t

n−1),wj(t
n+1), lj,h)

+ b∗
(
v

′n
j,h,wj(t

n+1)− 2wj(t
n) +wj(t

n−1), lj,h
)

+
ν

′

j + ν
′

m,j

2

(
∇
(
wj(t

n+1)− 2wj(t
n) +wj(t

n−1)
)
,∇lj,h

)
+

νj − νm,j

2

(
∇(vj(t

n+1)− (1 + θ)vj(t
n) + θvj(t

n−1)),∇lj,h
)

+

(
wj,t(t

n+1)− 3wj(t
n+1)− 4wj(t

n) +wj(t
n−1)

2∆t
, lj,h

)
.

Now we decompose the errors as

env,j : = vj(t
n)− vnj,h = (vj(t

n)− ṽnj )− (vnj,h − ṽnj ) := ηn
v,j −φn

j,h,

enw,j : = wj(t
n)−wn

j,h = (wj(t
n)− w̃n

j )− (wn
j,h − w̃n

j ) := η
n
w,j −ψ

n
j,h,

where ṽnj := PL2

V h
(vj(t

n)) ∈ V h and w̃n
j := PL2

V h
(wj(t

n)) ∈ V h are the L2 projections of vj(t
n) and

wj(t
n) into V h, respectively. Note that (ηn

v,j ,vj,h) = (ηn
w,j ,vj,h) = 0 ∀vj,h ∈ V h. Rewriting, we have
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for χχχj,h, lj,h ∈ V h

(
3φn+1

j,h − 4φn
j,h +φn−1

j,h

2∆t
,χχχj,h

)
+

ν̄ + ν̄m
2

(∇φn+1
j,h ,∇χχχj,h) +

ν
′

j + ν
′

m,j

2

(
∇(2φn

j,h −φn−1
j,h ),∇χχχj,h

)
+

νj − νm,j

2

(
(1 + θ)∇ψn

j,h − θ∇ψn−1
j,h ,∇χχχj,h

)
+ b∗

(
2ψn

j,h −ψn−1
j,h ,vj(t

n+1),χχχj,h)

+ b∗(2wn
j,h −wn−1

j,h ,φn+1
j,h ,χχχj,h)− b∗(w

′n
j,h,φ

n+1
j,h − 2φn

j,h +φn−1
j,h ,χχχj,h) + γ

(
∇ ·φn+1

j,h ,∇ ·χχχj,h

)
=

νj − νm,j

2

(
(1 + θ)∇ηn

w,j − θ∇ηn−1
w,j ,∇χχχj,h

)
+

ν̄ + ν̄m
2

(∇ηn+1
v,j ,∇χχχj,h)

+
ν

′

j + ν
′

m,j

2

(
∇(2ηn

v,j − ηn−1
v,j ),∇χχχj,h

)
+ b∗

(
2ηn

w,j − ηn−1
w,j ,vj(t

n+1),χχχj,h

)
+ b∗(2wn

j,h −wn−1
j,h ,ηn+1

v,j ,χχχj,h)− b∗(w
′n
j,h,η

n+1
v,j − 2ηn

v,j + η
n−1
v,j ,χχχj,h)

−
(
qj(t

n+1),∇ ·χχχj,h

)
+ γ
(
∇ · ηn+1

v,j ,∇ ·χχχj,h

)
+G1(t,vj ,wj ,χχχj,h), (3.23)

and

(
3ψn+1

j,h − 4ψn
j,h +ψn−1

j,h

2∆t
, lj,h

)
+

ν̄ + ν̄m
2

(∇ψn+1
j,h ,∇lj,h) +

ν
′

j + ν
′

m,j

2

(
∇(2ψn

j,h −ψn−1
j,h ),∇lj,h

)
+

νj − νm,j

2

(
(1 + θ)∇φn

j,h − θ∇φn−1
j,h ,∇lj,h

)
+ b∗

(
2φn

j,h −φn−1
j,h ,wj(t

n+1), lj,h
)

+ b∗(2vnj,h − vn−1
j,h ,ψn+1

j,h , lj,h)− b∗(v
′n
j,h,ψ

n+1
j,h − 2ψn

j,h +ψn−1
j,h , lj,h) + γ

(
∇ ·ψn+1

j,h ,∇ · lj,h
)

=
νj − νm,j

2

(
(1 + θ)∇ηn

v,j − θ∇ηn−1
v,j ,∇lj,h

)
+

ν̄ + ν̄m
2

(∇ηn+1
w,j ,∇lj,h)

+
ν

′

j + ν
′

m,j

2

(
∇(2ηn

w,j − ηn−1
w,j ),∇lj,h

)
+ b∗

(
2ηn

v,j − ηn−1
v,j ,wj(t

n+1), lj,h
)

+ b∗(2vnj,h − vn−1
j,h ,ηn+1

w,j , lj,h)− b∗(v
′n
j,h,η

n+1
w,j − 2ηn

w,j + η
n−1
w,j , lj,h)

−
(
rj(t

n+1),∇ · lj,h
)
+ γ
(
∇ · ηn+1

w,j ,∇ · lj,h
)
+G2(t,vj ,wj , lj,h). (3.24)

Choosing χχχj,h = φn+1
j,h , lj,h = ψn+1

j,h , we use the identity (3.11) in (3.23) and (3.24), to obtain

1

4∆t

(
∥φn+1

j,h ∥2 − ∥φn
j,h∥2 + ∥2φn+1

j,h −φn
j,h∥2 − ∥2φn

j,h −φn−1
j,h ∥2 + ∥φn+1

j,h − 2φn
j,h +φn−1

j,h ∥2
)

+
ν̄ + ν̄m

2
∥∇φn+1

j,h ∥2 + γ∥∇ ·φn+1
j,h ∥2 ≤ (1 + θ)

|νj − νm,j |
2

{
|(∇ψn

j,h,∇φn+1
j,h )|+ |(∇ηn

w,j ,∇φn+1
j,h )|

}
+ θ

|νj − νm,j |
2

{
|(∇ψn−1

j,h ,∇φn+1
j,h )|+ |(∇ηn−1

w,j ,∇φ
n+1
j,h )|

}
+

|ν′

j + ν
′

m,j |
2

|
(
∇(2φn

j,h −φn−1
j,h ),∇φn+1

j,h

)
|

+
ν̄ + ν̄m

2
|(∇ηn+1

v,j ,∇φn+1
j,h )|+ |b∗

(
2ηn

w,j − ηn−1
w,j ,vj(t

n+1),φn+1
j,h

)
|+ |b∗

(
2wn

j,h −wn−1
j,h ,ηn+1

v,j ,φn+1
j,h

)
|

+ |b∗
(
w

′n
j,h,η

n+1
v,j − 2ηn

v,j + η
n−1
v,j ,φn+1

j,h

)
|+ |b∗

(
2ψn

j,h −ψn−1
j,h ,vj(t

n+1),φn+1
j,h

)
|

+ |b∗
(
w

′n
j,h,φ

n+1
j,h − 2φn

j,h +φn−1
j,h ,φn+1

j,h

)
|+ |

(
qj(t

n+1),∇ ·φn+1
j,h

)
|+ γ|

(
∇ · ηn+1

v,j ,∇ ·φn+1
j,h

)
|

+ |G1(t,vj ,wj ,φ
n+1
j,h )|, (3.25)
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and

1

4∆t

(
∥ψn+1

j,h ∥2 − ∥ψn
j,h∥2 + ∥2ψn+1

j,h −ψn
j,h∥2 − ∥2ψn

j,h −ψn−1
j,h ∥2 + ∥ψn+1

j,h − 2ψn
j,h +ψn−1

j,h ∥2
)

+
ν̄ + ν̄m

2
∥∇ψn+1

j,h ∥2 + γ∥∇ ·ψn+1
j,h ∥2 ≤ (1 + θ)

|νj − νm,j |
2

{
|(∇φn

j,h,∇ψ
n+1
j,h )|+ |(∇ηn

v,j ,∇ψ
n+1
j,h )|

}
+ θ

|νj − νm,j |
2

{
|(∇φn−1

j,h ,∇ψn+1
j,h )|+ |(∇ηn−1

v,j ,∇ψn+1
j,h )|

}
+

|ν′

j + ν
′

m,j |
2

|
(
∇(2ψn

j,h −ψn−1
j,h ),∇ψn+1

j,h

)
|

+
ν̄ + ν̄m

2
|(∇ηn+1

w,j ,∇ψ
n+1
j,h )|+ |b∗

(
2ηn

v,j − ηn−1
v,j ,wj(t

n+1),ψn+1
j,h

)
|+ |b∗

(
2vnj,h − vn−1

j,h ,ηn+1
w,j ,ψ

n+1
j,h

)
|

+ |b∗
(
v

′n
j,h,η

n+1
w,j − 2ηn

w,j + η
n−1
w,j ,ψ

n+1
j,h

)
|+ |b∗

(
2φn

j,h −φn−1
j,h ,wj(t

n+1),ψn+1
j,h

)
|

+ |b∗
(
v

′n
j,h,ψ

n+1
j,h − 2ψn

j,h +ψn−1
j,h ,ψn+1

j,h

)
|+ |

(
rj(t

n+1),∇ ·ψn+1
j,h

)
|+ γ|

(
∇ · ηn+1

w,j ,∇ ·ψn+1
j,h

)
|

+ |G2(t,vj ,wj ,ψ
n+1
j,h )|. (3.26)

We now turn our attention to finding bounds on the right-hand-side terms of (3.25). Applying Cauchy-

Schwarz and Young’s inequalities on the first six terms to provide

(1 + θ)
|νj − νm,j |

2
|
(
∇ψn

j,h,∇φn+1
j,h

)
| ≤ (1 + θ)

|νj − νm,j |
4

(
∥∇ψn

j,h∥2 + ∥∇φn+1
j,h ∥2

)
,

θ
|νj − νm,j |

2
|
(
∇ψn−1

j,h ,∇φn+1
j,h

)
| ≤ θ

|νj − νm,j |
4

(
∥∇ψn−1

j,h ∥2 + ∥∇φn+1
j,h ∥2

)
,

(1 + θ)
|νj − νm,j |

2
|
(
∇ηn

w,j ,∇φn+1
j,h

)
| ≤ αj

36
∥∇φn+1

j,h ∥2 + 9(1 + θ)2(νj − νm,j)
2

4αj
∥∇ηn

w,j∥2,

θ
|νj − νm,j |

2
|
(
∇ηn−1

w,j ,∇φ
n+1
j,h

)
| ≤ αj

36
∥∇φn+1

j,h ∥2 + 9θ2(νj − νm,j)
2

4αj
∥∇ηn−1

w,j ∥
2,

ν
′

j + ν
′

m,j

2
|
(
∇(2φn

j,h −φn−1
j,h ),∇φn+1

j,h

)
| ≤

|ν′

j + ν
′

m,j |
4

(3∥∇φn+1
j,h ∥2 + 2∥∇φn

j,h∥2 + ∥∇φn−1
j,h ∥2),

ν̄ + ν̄m
2

|
(
∇ηn+1

v,j ,∇φn+1
j,h

)
| ≤ αj

36
∥∇φn+1

j,h ∥2 + 9(ν̄ + ν̄m)2

4αj
∥∇ηn+1

v,j ∥2.

Applying Young’s inequalities with (1.14) on the first three nonlinear terms yields

|b∗
(
2ηn

w,j − ηn−1
w,j ,vj(t

n+1),φn+1
j,h

)
| ≤ C∥∇(2ηn

w,j − ηn−1
w,j )∥∥∇vj(t

n+1)∥∥∇φn+1
j,h ∥

≤ αj

36
∥∇φn+1

j,h ∥2 + C

αj
∥∇(2ηn

w,j − ηn−1
w,j )∥

2∥∇vj(tn+1)∥2,

|b∗
(
2wn

j,h −wn−1
j,h ,ηn+1

v,j ,φn+1
j,h

)
| ≤ C∥∇(2wn

j,h −wn−1
j,h )∥∥∇ηn+1

v,j ∥∥∇φn+1
j,h ∥

≤ αj

36
∥∇φn+1

j,h ∥2 + C

αj
∥∇(2wn

j,h −wn−1
j,h )∥2∥∇ηn+1

v,j ∥2,

|b∗
(
w

′n
j,h,η

n+1
v,j − ηn

v,j + η
n−1
v,j ,φn+1

j,h

)
| ≤ C∥∇w

′n
j,h∥∥∇(ηn+1

v,j − ηn
v,j + η

n−1
v,j )∥∥∇φn+1

j,h ∥

≤ αj

36
∥∇φn+1

j,h ∥2 + C

αj
∥∇w

′n
j,h∥2∥∇(ηn+1

v,j − ηn
v,j + η

n−1
v,j )∥2.
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For the fourth nonlinear term, we use Hölder’s inequality, Sobolev embedding theorems, Agmon’s,

Poincare’s and Young’s inequalities to reveal

|b∗
(
2ψn

j,h −ψn−1
j,h ,vj(t

n+1),φn+1
j,h

)
|

≤ C∥2ψn
j,h −ψn−1

j,h ∥∥∇vj(tn+1)∥L6∥φn+1
j,h ∥L3 + C∥2ψn

j,h −ψn−1
j,h ∥∥∇φn+1

j,h ∥∥vj(tn+1)∥∞

≤ C∥2ψn
j,h −ψn−1

j,h ∥∥vj(tn+1)∥H2∥φn+1
j,h ∥1/2∥∇φn+1

j,h ∥1/2 + C∥2ψn
j,h −ψn−1

j,h ∥∥∇φn+1
j,h ∥∥vj(tn+1)∥H2

≤ C∥2ψn
j,h −ψn−1

j,h ∥∥vj(tn+1)∥H2∥∇φn+1
j,h ∥

≤ αj

36
∥∇φn+1

j,h ∥2 + C

αj
∥vj(tn+1)∥2H2∥2ψn

j,h −ψn−1
j,h ∥2. (3.27)

Applying inverse and Young’s inequalities with (1.14) on the fifth nonlinear terms to yield

|b∗
(
w

′n
j,h,φ

n+1
j,h − 2φn

j,h +φn−1
j,h ,φn+1

j,h

)
| ≤ C∥∇w

′n
j,h∥∥∇(φn+1

j,h − 2φn
j,h +φn−1

j,h )∥∥∇φn+1
j,h ∥

≤ αj

36
∥∇φn+1

j,h ∥2 + C

αjh2
∥∇w

′n
j,h∥2∥φn+1

j,h − 2φn
j,h +φn−1

j,h ∥2.

(3.28)

Since φn+1
j,h ∈ V h, we rewrite the pressure term, apply Cauchy-Schwarz and Young’s inequalities to get

|
(
qj(t

n+1),∇ ·φn+1
j,h

)
| = |

(
qj(t

n+1)− qn+1
j,h ,∇ ·φn+1

j,h

)
|

≤ γ

4
∥∇ ·φn+1

j,h ∥2 + γ−1∥qj(tn+1)− qn+1
j,h ∥2, ∀qn+1

j,h ∈ Qh.

Next, we find the upper bound of the term with coefficient γ using Cauchy-Schwarz and Young’s

inequalities as

γ|
(
∇ · ηn+1

v,j ,∇ ·φn+1
j,h

)
| ≤ γ∥∇ · ηn+1

v,j ∥∥∇ ·φn+1
j,h ∥

≤ γ

2
∥∇ ·φn+1

j,h ∥2 + γ

2
∥∇ · ηn+1

v,j ∥2.

Using Taylor’s series expansion about time-step size, Cauchy-Schwarz, Poincare’s and Young’s inequal-

ities, the upper bound of the last term can be found as

|G1(t,vj ,wj ,φ
n+1
j,h )| ≤ αj

36
∥∇φn+1

j,h ∥2 + (∆t)4
45(ν

′

j + ν
′

m,j)
2

4αj
∥∇vj,tt(s∗1)∥2

+ (∆t)2
45(νj − νm,j)

2(1− θ)2

4αj
∥∇wj,t(s

∗
2)∥2

+ (∆t)4
C

αj

(
∥∇wj,tt(s

∗
3)∥2∥∇vj(tn+1)∥2 + ∥∇w

′n
j,h∥2∥∇vj,tt(s∗4)∥2 + ∥vj,ttt(s∗5)∥2

)
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with s∗1, s
∗
2, s

∗
3, s

∗
4, s

∗
5 ∈ [tn−1, tn+1]. Using these estimates in (3.25) and reducing, it produces

1

4∆t

(
∥φn+1

j,h ∥2 − ∥φn
j,h∥2 + ∥2φn+1

j,h −φn
j,h∥2 − ∥2φn

j,h −φn−1
j,h ∥2

)
+
( 1

4∆t
− C

αjh2
∥∇w

′n
j,h∥2

)
∥φn+1

j,h − 2φn
j,h +φn−1

j,h ∥2 + ν̄ + ν̄m
4

∥∇φn+1
j,h ∥2 + γ

4
∥∇ ·φn+1

j,h ∥2

≤ (1 + θ)
|νj − νm,j |

4
∥∇ψn

j,h∥2 + θ
|νj − νm,j |

4
∥∇ψn−1

j,h ∥2 + 9(1 + θ)2(νj − νm,j)
2

4αj
∥∇ηn

w,j∥2

+
9θ2(νj − νm,j)

2

4αj
∥∇ηn−1

w,j ∥
2 +

|ν′

j + ν
′

m,j |
4

(2∥∇φn
j,h∥2 + ∥∇φn−1

j,h ∥2) + 9(ν̄ + ν̄m)2

4αj
∥∇ηn+1

v,j ∥2

+
C

αj
∥∇(2ηn

w,j − ηn−1
w,j )∥

2∥∇vj(tn+1)∥2 + C

αj
∥∇(2wn

j,h −wn−1
j,h )∥2∥∇ηn+1

v,j ∥2

+
C

αj
∥∇w

′n
j,h∥2∥∇(ηn+1

v,j − ηn
v,j + η

n−1
v,j )∥2 + C

αj
∥vj(tn+1)∥2H2∥2ψn

j,h −ψn−1
j,h ∥2

+(∆t)4
45(ν

′

j + ν
′

m,j)
2

4αj
∥∇vj,tt(s∗1)∥2 + (∆t)2

45(νj − νm,j)
2(1− θ)2

4αj
∥∇wj,t(s

∗
2)∥2

+
γ

2
∥∇ · ηn+1

v,j ∥2 + γ−1∥qj(tn+1)− qn+1
j,h ∥2

+(∆t)4
C

αj

(
∥∇wj,tt(s

∗
3)∥2∥∇vj(tn+1)∥2 + ∥∇w

′n
j,h∥2∥∇vj,tt(s∗4)∥2 + ∥vj,ttt(s∗5)∥2

)
. (3.29)

Applying similar techniques to (3.26), we get

1

4∆t

(
∥ψn+1

j,h ∥2 − ∥ψn
j,h∥2 + ∥2ψn+1

j,h −ψn
j,h∥2 − ∥2ψn

j,h −ψn−1
j,h ∥2

)
+
( 1

4∆t
− C

αjh2
∥∇v

′n
j,h∥2

)
∥ψn+1

j,h −ψn
j,h +ψn−1

j,h ∥2 + ν̄ + ν̄m
4

∥∇ψn+1
j,h ∥2 + γ

4
∥∇ ·ψn+1

j,h ∥2

≤ (1 + θ)
|νj − νm,j |

4
∥∇φn

j,h∥2 + θ
|νj − νm,j |

4
∥∇φn−1

j,h ∥2 + 9(1 + θ)2(νj − νm,j)
2

4αj
∥∇ηn

v,j∥2

+
9θ2(νj − νm,j)

2

4αj
∥∇ηn−1

v,j ∥2 +
|ν′

j + ν
′

m,j |
4

(2∥∇ψn
j,h∥2 + ∥∇ψn−1

j,h ∥2) + 9(ν̄ + ν̄m)2

4αj
∥∇ηn+1

w,j ∥
2

+
C

αj
∥∇(2ηn

v,j − ηn−1
v,j )∥2∥∇wj(t

n+1)∥2 + C

αj
∥∇(2vnj,h − vn−1

j,h )∥2∥∇ηn+1
w,j ∥

2

+
C

αj
∥∇v

′n
j,h∥2∥∇(ηn+1

w,j − ηn
w,j + η

n−1
w,j )∥

2 +
C

αj
∥wj(t

n+1)∥2H2∥2φn
j,h −φn−1

j,h ∥2

+(∆t)4
45(ν

′

j + ν
′

m,j)
2

4αj
∥∇wj,tt(t

∗
1)∥2 + (∆t)2

45(νj − νm,j)
2(1− θ)2

4αj
∥∇vj,t(t∗2)∥2

+
γ

2
∥∇ · ηn+1

w,j ∥
2 + γ−1∥rj(tn+1)− rn+1

j,h ∥2

+(∆t)4
C

αj

(
∥∇vj,tt(t∗3)∥2∥∇wj(t

n+1)∥2 + ∥∇v
′n
j,h∥2∥∇wj,tt(t

∗
4)∥2 + ∥wj,ttt(t

∗
5)∥2

)
, (3.30)
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with t∗1, t
∗
2, t

∗
3, t

∗
4, t

∗
5 ∈ [tn−1, tn+1]. After add (3.29) and (3.30), assume

∆t ≤ αminh
2

C max
1≤j≤J

{
∥∇v′n

j,h∥2, ∥∇w
′n
j,h∥2

} , (3.31)

drops non-negative terms from left-hand-side, and rearrange, we have

1

4∆t

(
∥φn+1

j,h ∥2 − ∥φn
j,h∥2 + ∥2φn+1

j,h −φn
j,h∥2 − ∥2φn

j,h −φn−1
j,h ∥2

)
+

1

4∆t

(
∥ψn+1

j,h ∥2 − ∥ψn
j,h∥2 + ∥2ψn+1

j,h −ψn
j,h∥2 − ∥2ψn

j,h −ψn−1
j,h ∥2

)
+
ν̄ + ν̄m

4

(
∥∇φn+1

j,h ∥2 − ∥∇φn
j,h∥2 + ∥∇ψn+1

j,h ∥2 − ∥∇ψn
j,h∥2

)
+
αj + θ|νj − νm,j |+ |ν′

j + ν
′

m,j |
4

(
∥∇φn

j,h∥2 − ∥∇φn−1
j,h ∥2 + ∥∇ψn

j,h∥2 − ∥∇ψn−1
j,h ∥2

)
+
αj

4

(
∥∇φn−1

j,h ∥2 + ∥∇ψn−1
j,h ∥2

)
+

γ

4

(
∥∇ ·φn+1

j,h ∥2 + ∥∇ ·ψn+1
j,h ∥2

)
≤ 9(1 + θ)2(νj − νm,j)

2

4αj

(
∥∇ηn

v,j∥2 + ∥∇ηn
w,j∥2

)
+
9θ2(νj − νm,j)

2

4αj

(
∥∇ηn−1

v,j ∥2 + ∥∇ηn−1
w,j ∥

2
)
+

9(ν̄ + ν̄m)2

4αj

(
∥∇ηn+1

v,j ∥2 + ∥∇ηn+1
w,j ∥

2
)

+
C

αj
∥∇(2ηn

w,j − ηn−1
w,j )∥

2∥∇vj(tn+1)∥2 + C

αj
∥∇(2ηn

v,j − ηn−1
v,j )∥2∥∇wj(t

n+1)∥2

+
C

αj
∥∇(2wn

j,h −wn−1
j,h )∥2∥∇ηn+1

v,j ∥2 + C

αj
∥∇(2vnj,h − vn−1

j,h )∥2∥∇ηn+1
w,j ∥

2

+
C

αj
∥∇w

′n
j,h∥2∥∇(ηn+1

v,j − ηn
v,j + η

n−1
v,j )∥2 + C

αj
∥∇v

′n
j,h∥2∥∇(ηn+1

w,j − ηn
w,j + η

n−1
w,j )∥

2

+
C

αj
∥vj(tn+1)∥2H2∥2ψn

j,h −ψn−1
j,h ∥2 + C

αj
∥wj(t

n+1)∥2H2∥2φn
j,h −φn−1

j,h ∥2

+(∆t)4
45(ν

′

j + ν
′

m,j)
2

4αj

(
∥∇vj,tt(s∗1)∥2 + ∥∇wj,tt(t

∗
1)∥2

)
+(∆t)2

45(νj − νm,j)
2(1− θ)2

4αj

(
∥∇vj,t(t∗2)∥2 + ∥∇wj,t(s

∗
2)∥2

)
+
γ

2

(
∥∇ · ηn+1

v,j ∥2 + ∥∇ · ηn+1
w,j ∥

2
)
+

1

γ

(
∥qj(tn+1)− qn+1

j,h ∥2 + ∥rj(tn+1)− rn+1
j,h ∥2

)
+(∆t)4

C

αj

(
∥∇wj,tt(s

∗
3)∥2∥∇vj(tn+1)∥2 + ∥∇w

′n
j,h∥2∥∇vj,tt(s∗4)∥2 + ∥vj,ttt(s∗5)∥2

)
+(∆t)4

C

αj

(
∥∇vj,tt(t∗3)∥2∥∇wj(t

n+1)∥2 + ∥∇v
′n
j,h∥2∥∇wj,tt(t

∗
4)∥2 + ∥wj,ttt(t

∗
5)∥2

)
. (3.32)

Multiply both sides by 4∆t, use stability and regularity assumptions, ∥φ0
j,h∥ = ∥ψ0

j,h∥ = ∥φ1
j,h∥ =
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∥ψ1
j,h∥ = 0, ∆tM = T , and sum over the time steps to find

∥φM
j,h∥2 + ∥2φM

j,h −φM−1
j,h ∥2 + ∥ψM

j,h∥2 + ∥2ψM
j,h −ψM−1

j,h ∥2

+ αj∆t

M∑
n=2

(∥∇φn
j,h∥2 + ∥∇ψn

j,h∥2) + γ∆t

M∑
n=2

(
∥∇ ·φn

j,h∥2 + ∥∇ ·ψn
j,h∥2

)
≤ C(1 + θ)2(νj − νm,j)

2

αj
h2k +

Cθ2(νj − νm,j)
2

αj
h2k +

C(ν̄ + ν̄m)2

αj
h2k

+
C

αj
h2k

(
∥vj(t)∥2

L∞
(
0,T ;H1(Ω)d

) + ∥wj(t)∥2
L∞
(
0,T ;H1(Ω)d

))+
C

αj
h2k

+
C

αj
∆t

M−1∑
n=1

{
∥vj(t)∥2

L∞
(
0,T ;H2(Ω)d

)∥2ψn
j,h −ψn−1

j,h ∥2 + ∥wj(t)∥2
L∞
(
0,T ;H2(Ω)d

)∥2φn
j,h −φn−1

j,h ∥2
}

+ C
(
(∆t)4 + (νj − νm,j)

2(1− θ)2(∆t)2
)
+ Cγh2k +

C

γ
h2k. (3.33)

Using triangular and Young’s inequalities, dropping non-negative terms from left-hand-side, and sim-

plifying yield

∥φM
j,h∥2+∥ψM

j,h∥2 + αj∆t

M∑
n=2

(∥∇φn
j,h∥2 + ∥∇ψn

j,h∥2) + γ∆t

M∑
n=2

(
∥∇ ·φn

j,h∥2 + ∥∇ ·ψn
j,h∥2

)
≤ ∆t

M−1∑
n=2

C

αj

(
∥φn

j,h∥2 + ∥ψn
j,h∥2

)
+ C

(
h2k + (∆t)4 + (νj − νm,j)

2(1− θ)2(∆t)2
)
. (3.34)

Applying the discrete Grönwall Lemma 1.1, we have

∥φM
j,h∥2 + ∥ψM

j,h∥2+αj∆t

M∑
n=2

(∥∇φn
j,h∥2 + ∥∇ψn

j,h∥2) + γ∆t

M∑
n=2

(
∥∇ ·φn

j,h∥2 + ∥∇ ·ψn
j,h∥2

)
≤ C exp

(
CT

αj

)(
h2k + (∆t)4 + (νj − νm,j)

2(1− θ)2(∆t)2
)
. (3.35)

Use of triangle and Young’s inequalities allows us to write

∥eMv,j∥2 + ∥eMw,j∥2 + αj∆t
M∑
n=2

(
∥∇env,j∥2 + ∥∇enw,j∥2

)
+ γ∆t

M∑
n=2

(
∥∇ · env,j∥2 + ∥∇ · enw,j∥2

)
≤ 2

(
∥φM

j,h∥2 + ∥ψM
j,h∥2 + αj∆t

M∑
n=2

(
∥∇φn

j,h∥2 + ∥∇ψn
j,h∥2

)
+ γ∆t

M∑
n=2

(
∥∇ ·φn

j,h∥2 + ∥∇ ·ψn
j,h∥2

)
+ ∥ηM

v,j∥2 + ∥ηM
w,j∥2 + αj∆t

M∑
n=2

(
∥∇ηn

v,j∥2 + ∥∇ηn
w,j∥2

)
+ γ∆t

M∑
n=2

(
∥∇ · ηn

v,j∥2 + ∥∇ · ηn
w,j∥2

))
≤ C

(
h2k + (∆t)4 + (νj − νm,j)

2(1− θ)2(∆t)2
)
. (3.36)

Define < ev >n:= 1
J

J∑
j=1

(2env,j −e
n−1
v,j ), and < ew >n:= 1

J

J∑
j=1

(2enw,j −e
n−1
w,j ), use triangle inequality and
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equation (3.36), we have

∥ < ev >M ∥2 + ∥ < ew >M ∥2 + αmin∆t

M∑
n=2

(
∥∇ < ev >n ∥2 + ∥∇ < ew >n ∥2

)
+γ∆t

M∑
n=2

(
∥∇· < ev >n ∥2 + ∥∇· < ew >n ∥2

)
≤ C

(
h2k + (∆t)4 +

(1− θ)2(∆t)2

J

J∑
j=1

(νj − νm,j)
2

)
. (3.37)

By substituting the original variables, we complete the proof.

□

3.4 Numerical Experiments of the θ-scheme

To test the proposed Algorithm and the associated theories, in this section, we present results of numer-

ical experiments. We employ a first-order backward-Euler timestepping scheme given in [37] to compute

the first timestep solution so that the proposed second order Algorithms gets the required number of

initial conditions for further timestep evolution.

We will use stable weakly divergence-free Taylor-hood (TH) element (P2, P1) for the velocity-

pressure and magnetic field-magnetic pressure pairs on regular unstructured triangular mesh with grad-

div stabilization parameter γ = 105. To estimate the viscosity parameters ν, and νm, we draw an

independent sample of size J = 20 from a uniform distribution for each parameter.
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3.4.1 Convergence Rate Verification

We will utilize the same manufactured analytical functions as (2.52). We will also be implementing

noise, forcing functions, boundary conditions, and initial conditions just as we did in the convergence

rate verification for Algorithm 2.

For each two-dimensional random sample of the viscosity parameters, the Algorithm 3 picks a

maximum value of the parameter θ so that the condition

θ

1 + θ
<

ν̄

ν̄m
<

1 + θ

θ

holds true. Then, we record the errors, compute the convergence rates, and present them in Tables

3.1-3.10. In Tables 3.1-3.5, we observe the second order temporal convergence which is an excellent

agreement with the theoretical claim, and in Tables 3.6-3.10 we observe a second order spatial conver-

gence which is also consistent with the theory as we have used (P2, P1) element.

We append Tables 3.1 to 3.10 to provide the temporal and spatial convergence at various ϵ values.

Table 3.1: θ-Scheme: Temporal errors and convergence rates for v and w with γ = 100000. νj ∈ [0.0009, 0.0011] utilizes
θ = 1.0 while νj ∈ [0.009, 0.011] utilizes θ = 0.109191.

Temporal convergence (fixed h = 1/64, T = 1) with j = 1, 2, · · ·, 20
ϵ = 0.0 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}
∆t ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
T
4

5.5202e-01 4.3600e-01 2.8883e-01 2.4935e-01
T
8

1.3842e-01 2.00 1.1773e-01 1.89 8.5909e-01 1.75 7.8401e-01 1.67
T
16

3.4930e-02 1.99 3.0991e-02 1.93 2.4315e-02 1.82 2.2833e-02 1.78
T
32

8.7272e-03 2.00 7.9073e-03 1.97 6.1903e-03 1.92 6.1903e-03 1.88
T
64

2.1852e-03 2.00 2.0048e-03 1.98 1.5919e-03 1.98 1.5919e-03 1.96

Table 3.2: θ-Scheme: Temporal errors and convergence rates for v and w with γ = 100000. νj ∈ [0.0009, 0.0011] utilizes
θ = 1.0 while νj ∈ [0.009, 0.011] utilizes θ = 0.109191.

Temporal convergence (fixed h = 1/64, T = 1) with j = 1, 2, · · ·, 20
ϵ = 0.001 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

∆t ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
T
4

5.5179e-01 4.3490e-01 2.8877e-01 2.4924e-01
T
8

1.3840e-01 2.00 1.1762e-01 1.89 8.5897e-02 1.75 7.8383e-02 1.67
T
16

3.4927e-02 1.99 3.0977e-02 1.92 2.4311e-02 1.82 2.2828e-02 1.78
T
32

8.7270e-03 2.00 7.9061e-03 1.97 6.4450e-03 1.92 6.1895e-03 1.88
T
64

2.1849e-03 2.00 2.0038e-03 1.98 1.6308e-03 1.98 1.5908e-03 1.96
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Table 3.3: θ-Scheme: Temporal errors and convergence rates for v and w with γ = 100000. νj ∈ [0.0009, 0.0011] utilizes
θ = 1.0 while νj ∈ [0.009, 0.011] utilizes θ = 0.109191.

Temporal convergence (fixed h = 1/64, T = 1) with j = 1, 2, · · ·, 20
ϵ = 0.01 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

∆t ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
T
4

5.3441e-01 3.7628e-01 2.8835e-01 2.4023e-01
T
8

1.3666e-01 1.97 1.1013e-01 1.77 8.5000e-02 1.74 7.7062e-02 1.64
T
16

3.4748e-02 1.98 3.0106e-02 1.87 2.4158e-02 1.81 2.2607e-02 1.77
T
32

8.7029e-03 2.00 7.7806e-03 1.95 6.4120e-03 1.91 6.1414e-03 1.88
T
64

2.1803e-03 2.00 1.9790e-03 1.98 1.6224e-03 1.98 1.5786e-03 1.96

Table 3.4: θ-Scheme: Temporal errors and convergence rates for v and w with γ = 100000. νj ∈ [0.0009, 0.0011] utilizes
θ = 1.0 while νj ∈ [0.009, 0.011] utilizes θ = 0.109191.

Temporal convergence (fixed h = 1/64, T = 1) with j = 1, 2, · · ·, 20
ϵ = 0.05 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

∆t ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
T
4

4.5861e-01 2.5152e-01 2.3957e-01 1.8070e-01
T
8

1.2363e-01 1.89 7.5345e-02 1.74 7.4468e-02 1.69 6.2555e-02 1.53
T
16

3.2391e-02 1.93 2.1357e-02 1.82 2.1563e-02 1.79 1.8910e-02 1.73
T
32

8.2462e-03 1.97 5.6715e-03 1.91 5.7364e-03 1.91 5.1628e-03 1.87
T
64

2.0818e-03 1.99 1.4682e-03 1.95 1.4422e-03 1.99 1.3162e-03 1.97

Table 3.5: θ-Scheme: Temporal errors and convergence rates for v and w γ = 100000. νj ∈ [0.0009, 0.0011] utilizes
θ = 1.0 while νj ∈ [0.009, 0.011] utilizes θ = 0.109191.

Temporal convergence (fixed h = 1/64, T = 1) with j = 1, 2, · · ·, 20
ϵ = 0.1 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}
∆t ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
T
4

3.9623e-01 1.7459e-01 1.9591e-01 1.4800e-01
T
8

1.0823e-01 1.87 5.3527e-02 1.71 6.0773e-02 1.69 4.9441e-02 1.58
T
16

2.8624e-02 1.92 1.7192e-02 1.64 1.7427e-02 1.80 1.4725e-02 1.75
T
32

7.3330e-03 1.96 4.9390e-03 1.80 4.6126e-03 1.92 4.0379e-03 1.87
T
64

1.8625e-03 1.98 1.2988e-03 1.93 1.1654e-03 1.98 1.0480e-03 1.95
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Table 3.6: θ-Scheme: Spatial errors and convergence rates for v and w with γ = 1000000. νj ∈ [0.0009, 0.0011] utilizes
θ = 1.0 while νj ∈ [0.009, 0.011] utilizes θ = 0.109191.

Spatial convergence (fixed T = 0.001, ∆t = T/8) with j = 1, 2, · · ·, 20
ϵ = 0.0 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

h ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
1
4

1.0074e-04 1.9305e-04 1.0074e-04 1.9305e-04
1
8

2.5324e-05 1.99 4.8228e-05 2.00 2.5324e-05 1.99 4.8228e-05 2.00
1
16

6.3396e-06 2.00 1.2055e-05 2.00 6.3396e-06 2.00 1.2055e-05 2.00
1
32

1.5855e-06 2.00 3.0136e-06 2.00 1.5855e-06 2.00 3.0136e-06 2.00
1
64

3.9649e-07 2.00 7.5342e-07 2.00 3.9645e-07 2.00 7.5341e-07 2.00

Table 3.7: θ-Scheme: Spatial errors and convergence rates for v and w with γ = 1000000. νj ∈ [0.0009, 0.0011] utilizes
θ = 1.0 while νj ∈ [0.009, 0.011] utilizes θ = 0.109191.

Spatial convergence (fixed T = 0.001, ∆t = T/8) with j = 1, 2, · · ·, 20
ϵ = 0.001 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

h ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
1
4

1.0074e-04 1.9305e-04 1.0074e-04 1.9305e-04
1
8

2.5324e-05 1.99 4.8228e-05 2.00 2.5324e-05 1.99 4.8228e-05 2.00
1
16

6.3396e-06 2.00 1.2055e-05 2.00 6.3396e-06 2.00 1.2055e-05 2.00
1
32

1.5855e-06 2.00 3.0136e-06 2.00 1.5855e-06 2.00 3.0136e-06 2.00
1
64

3.9649e-07 2.00 7.5342e-07 2.00 3.9645e-07 2.00 7.5341e-07 2.00

Table 3.8: θ-Scheme: Spatial errors and convergence rates for v and w with γ = 1000000. νj ∈ [0.0009, 0.0011] utilizes
θ = 1.0 while νj ∈ [0.009, 0.011] utilizes θ = 0.109191.

Spatial convergence (fixed T = 0.001, ∆t = T/8) with j = 1, 2, · · ·, 20
ϵ = 0.01 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

h ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
1
4

1.0074e-04 1.9305e-04 1.0074e-04 1.9305e-04
1
8

2.5324e-05 1.99 4.8228e-05 2.00 2.5324e-05 1.99 4.8228e-05 2.00
1
16

6.3396e-06 2.00 1.2055e-05 2.00 6.3396e-06 2.00 1.2055e-05 2.00
1
32

1.5855e-06 2.00 3.0136e-06 2.00 1.5855e-06 2.00 3.0136e-06 2.00
1
64

3.9649e-07 2.00 7.5342e-07 2.00 3.9645e-07 2.00 7.5341e-07 2.00
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Table 3.9: θ-Scheme: Spatial errors and convergence rates for v and w with γ = 1000000. νj ∈ [0.0009, 0.0011] utilizes
θ = 1.0 while νj ∈ [0.009, 0.011] utilizes θ = 0.109191.

Spatial convergence (fixed T = 0.001, ∆t = T/8) with j = 1, 2, · · ·, 20
ϵ = 0.05 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

h ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
1
4

1.0074e-04 1.9305e-04 1.0074e-04 1.9305e-04
1
8

2.5324e-05 1.99 4.8228e-05 2.00 2.5324e-05 1.99 4.8228e-05 2.00
1
16

6.3396e-06 2.00 1.2055e-05 2.00 6.3396e-06 2.00 1.2055e-05 2.00
1
32

1.5855e-06 2.00 3.0136e-06 2.00 1.5855e-06 2.00 3.0136e-06 2.00
1
64

3.9649e-07 2.00 7.5342e-07 2.00 3.9645e-07 2.00 7.5341e-07 2.00

Table 3.10: θ-Scheme: Spatial errors and convergence rates for v and w with γ = 1000000. νj ∈ [0.0009, 0.0011] utilizes
θ = 1.0 while νj ∈ [0.009, 0.011] utilizes θ = 0.109191.

Spatial convergence (fixed T = 0.001, ∆t = T/8) with j = 1, 2, · · ·, 20
ϵ = 0.1 {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]}

h ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate ∥<ev>∥2,1 rate ∥<ew>∥2,1 rate
1
4

1.0074e-04 1.9305e-04 1.0074e-04 1.9305e-04
1
8

2.5324e-05 1.99 4.8228e-05 2.00 2.5324e-05 1.99 4.8228e-05 2.00
1
16

6.3396e-06 2.00 1.2055e-05 2.00 6.3396e-06 2.00 1.2055e-05 2.00
1
32

1.5855e-06 2.00 3.0136e-06 2.00 1.5855e-06 2.00 3.0136e-06 2.00
1
64

3.9649e-07 2.00 7.5342e-07 2.00 3.9645e-07 2.00 7.5341e-07 2.00
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4 Comparison Tables

We append Tables 4.1 to 4.4 to provide a comparison between the the SPP-FEM and BE-MHD algo-

rithm. Each simulations is ran using a fixed ϵ = 0.01 and varying stabilization parameter γ.

Table 4.1: Difference between the BE-MHD and SPP algorithms and the convergence rates with varying γ, fixed ϵ = 0.01
and two different samples {(νj , νm,j) ∈ [0.9, 1.1]× [0.9, 1.1]}and {(νj , νm,j) ∈ [0.009, 0.011]× [0.09, 0.11]}.

Fixed T = 1.0 and ∆t = T/10 with j = 1, 2, · · ·, 20
ϵ = 0.01 {(νj , νm,j) ∈ [0.9, 1.1]× [0.9, 1.1]} {(νj , νm,j) ∈ [0.009, 0.011]× [0.09, 0.11]}

γ ∥<vh − v̂h>∥2,1 rate ∥<wh − ŵh>∥2,1 rate ∥<vh − v̂h>∥2,1 rate ∥<wh − ŵh>∥2,1 rate

1 5.5784e-01 5.32025e-01 1.5279 1.4276

10 1.5396e-01 0.56 1.4646e-01 0.56 2.0998e-01 0.86 1.8832e-01 0.88

102 1.9221e-02 0.90 1.8249e-02 0.90 2.1919e-02 0.98 1.9578e-02 0.98

103 1.9734e-03 0.99 1.8733e-03 0.99 2.2018e-03 1.00 1.9660e-03 1.00

104 1.9785e-04 1.00 1.8782e-04 1.00 2.2026e-04 1.00 1.9668e-04 1.00

105 1.9784e-05 1.00 1.8790e-05 1.00 2.2036e-05 1.00 1.9649e-05 1.00

106 2.0850e-06 0.98 2.0272e-06 0.97 3.8125e-06 0.76 3.1253e-06 0.80

Table 4.2: Difference between the BE-MHD and SPP algorithms and the convergence rates with varying γ, fixed ϵ = 0.01
and two different samples {(νj , νm,j) ∈ [0.9, 1.1]× [0.9, 1.1]}and {(νj , νm,j) ∈ [0.009, 0.011]× [0.09, 0.11]}.

Fixed T = 1.0 and ∆t = T/10 with j = 1, 2, · · ·, 20
ϵ = 0.01 {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]}

γ ∥<vh − v̂h>∥2,1 rate ∥<wh − ŵh>∥2,1 rate ∥<vh − v̂h>∥2,1 rate ∥<wh − ŵh>∥2,1 rate

1 2.5284 1.8966 4.0012 2.2296

10 3.7455e-01 0.83 3.2483e-01 0.77 5.8161e-01 0.84 3.5660e-01 0.80

102 3.9501e-02 0.98 3.5633e-02 0.96 6.0928e-02 0.98 3.9328e-02 0.96

103 3.9690e-03 1.00 3.5951e-03 1.00 6.1112e-03 1.00 3.9715e-03 1.00

104 3.9450e-04 1.00 3.5761e-04 1.00 6.0112e-04 1.01 3.9731e-04 1.00

105 3.8554e-05 1.01 3.6154e-05 1.00 5.5968e-05 1.03 4.7789e-05 0.92

Table 4.3: Difference between the BE-MHD and SPP algorithms and the convergence rates with varying γ, fixed ϵ = 0.01
and two different samples {(νj , νm,j) ∈ [0.9, 1.1]× [0.9, 1.1]}and {(νj , νm,j) ∈ [0.009, 0.011]× [0.09, 0.11]}.

Fixed T = 1.0 and ∆t = T/10 with j = 1, 2, · · ·, 20
ϵ = 0.01 {(νj , νm,j) ∈ [0.9, 1.1]× [0.9, 1.1]}

γ ∥<vh − v̂h>∥∞,1 rate ∥<wh − ŵh>∥∞,1 rate

1 5.0649e-01 4.6206e-01

10 3.8430e-02 1.12 3.4736e-02 1.12

102 5.9807e-04 1.81 5.3806e-04 1.81

103 6.3024e-06 1.98 5.6685e-06 1.98

104 6.3352e-08 2.00 5.6982e-08 2.00

105 6.3359e-10 2.00 5.7041e-10 2.00

106 7.2035e-12 1.94 6.7268e-12 1.93
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Table 4.4: Difference between the BE-MHD and SPP algorithms and the convergence rates with varying γ, fixed ϵ = 0.01
and two different samples {(νj , νm,j) ∈ [0.009, 0.011]×[0.0009, 0.0011]}and {(νj , νm,j) ∈ [0.0009, 0.0011]×[0.0009, 0.0011]}.

Fixed T = 1.0 and ∆t = T/10 with j = 1, 2, · · ·, 20
ϵ = 0.01 {(νj , νm,j) ∈ [0.009, 0.011]× [0.0009, 0.0011]} {(νj , νm,j) ∈ [0.0009, 0.0011]× [0.0009, 0.0011]}

γ ∥<vh − v̂h>∥∞,1 rate ∥<wh − ŵh>∥∞,1 rate ∥<vh − v̂h>∥∞,1 rate ∥<wh − ŵh>∥∞,1 rate

1 4.0601 3.6191 27.5591 11.6088

10 7.5828e-02 1.73 6.0896e-02 1.77 6.0567e-01 1.66 3.0238e-01 1.58

102 8.3137e-04 1.96 6.6591e-04 1.96 6.6928e-03 1.96 3.7597e-03 1.91

103 8.3960e-06 2.00 6.7259e-06 2.00 6.7529e-05 2.00 3.8453e-05 1.99

104 8.4048e-08 2.00 6.7339e-08 2.00 6.6685e-07 2.01 3.8563e-07 2.00

105 8.3719e-10 2.00 6.8263e-10 1.99 5.9057e-09 2.05 4.1964e-09 1.96
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5 Conclusions and Future Works

In this thesis, we have proposed, analyzed, and tested two novel efficient algorithms for magnetohydro-

dynamic flow simulations, both of which are fully discrete, and decoupled time stepping schemes. The

first of being the grad-div stabilize penalty projection algorithm, which utilized grad-div stabilization

and ensemble eddy-viscosity terms to compute MHD flow ensemble. This algorithm: (1) Is decoupled

into four sub problems, which are solved simultaneously. (2) Solves the velocity, magnetic field, and

pressure separately. (3) Keeps the system matrix common to all ensemble members with different right-

hand-side vectors. The second of which being the fully discrete θ-scheme. This algorithm: (1) Solves

both Step 1 and Step 2 simultaneously. (2) Exhibits second order temporal convergence for practical

flow. (3) Makes the system matrix on the left-hand-side independent of j, while the right-hand-side vec-

tor becomes j dependent. Future works may include using machine learning techniques, such as random

forest and convolutional neural network, which should result in a more accurate simulation. We plan

to utilize distinct segments of the data for the purpose of testing and training a model during various

iterations. We plan to propose and investigate a penalty-projection-based Uncertainty Quantification

(UQ) for Navier-Stokes (NS) flow problems. The use of the stochastic collocation method in conjunction

with the proposed penalty projection method for the UQ of NS and MHD flow problems.



61

REFERENCES

[1] M. Akbas, S. Kaya, M. Mohebujjaman, and L. Rebholz. Numerical analysis and testing of a fully discrete, decoupled
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6 Appendix

In the appendix, necessary G-Calculations for θ-Scheme are provided.

6.1 G-Calculations for θ-Scheme

G1(t,vj ,wj ,χχχj,h) := ((wj(t
n+1)− 2wj(t

n) +wj(t
n−1)) · ∇vj(tn+1),χχχj,h)

+ (w
′n
j,h · ∇(vj(t

n+1)− 2vj(t
n) + vj(t

n−1)),χχχj,h)

+
ν

′

j + ν
′

m,j

2

(
∇
(
vj(t

n+1)− 2vj(t
n) + vj(t

n−1)
)
,∇χχχj,h

)
+

νj − νm,j

2

(
∇(wj(t

n+1)− (1 + θ)wj(t
n) + θwj(t

n−1)),∇χχχj,h

)
+

(
vj,t(t

n+1)− 3vj(t
n+1)− 4vj(t

n) + vj(t
n−1)

2∆t
,χχχj,h

)
, (6.1)

wj(t
n+1) = wj(t

n +∆t) = wj(t
n) +wj,t(t

n)
∆t

1!
+wj,tt(s

∗)
(∆t)2

2!
, (6.2)

wj(t
n−1) = wj(t

n −∆t) = wj(t
n)−wj,t(t

n)
∆t

1!
+wj,tt(s

∗)
(∆t)2

2!
. (6.3)

Adding (6.2) and (6.3) gives

wj(t
n+1)− 2wj(t

n) +wj(t
n−1) = wj,tt(s

∗)(∆t)2. (6.4)

Similarly,

vj(t
n+1)− 2vj(t

n) + vj(t
n−1) = vj,tt(t

∗)(∆t)2. (6.5)

Again,

vj(t
n) = vj(t

n+1 −∆t) = vj(t
n+1)− vj,t(tn+1)

∆t

1!
+ vj,tt(t

n+1)
(∆t)2

2!
+ vj,ttt(s

∗∗)
(∆t)3

3!
, (6.6)

vj(t
n−1) = vj(t

n+1 − 2∆t) = vj(t
n+1)− vj,t(tn+1)

2∆t

1!
+ 2vj,tt(t

n+1)(∆t)2 − vj,ttt(s∗∗)
4(∆t)3

3
. (6.7)

If we subtract 4×(6.6) from equation (6.7), we will be left with

vj(t
n−1)− 4vj(t

n) = −3vj(t
n+1) + 2vj,t(t

n+1)∆t− 2vj,ttt(s
∗∗)(∆t)3,
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which gives

vj,t(t
n+1)− 3vj(t

n+1)− 4vj(t
n) + vj(t

n−1)

2∆t
= 2vj,ttt(s

∗∗)(∆t)2. (6.8)

Also,

wj(t
n+1)− (1 + θ)wj(t

n) + θwj(t
n−1) = (1− θ)wj,t(s

∗∗∗)∆t.

Then,

|G1(t,vj ,wj ,φ
n+1
j,h )| ≤ (∆t)2|

(
wtt(s

∗) · ∇vj(tn+1),φn+1
j,h

)
|+ (∆t)2|(w

′n
j,h · ∇vtt(t∗),φn+1

j,h )|

+
|ν′

j + ν
′

m,j |
2

(∆t)2|
(
∇vtt(t∗),∇φn+1

j,h

)
|+ |νj − νm,j |

2
(1− θ)∆t∥

(
∇wj,t(s

∗∗∗),∇φn+1
j,h

)
|

+2(∆t)2|
(
vttt(s

∗∗),φn+1
j,h

)
|

|G1(t,vj ,wj ,φ
n+1
j,h )| ≤ C(∆t)2∥∇wtt(s

∗)∥∥∇vj(tn+1)∥∥∇φn+1
j,h ∥+ C(∆t)2∥∇w

′n
j,h∥∥∇vtt(t∗)∥∥∇φn+1

j,h ∥

+
|ν′

j + ν
′

m,j |
2

(∆t)2∥∇vtt(t∗)∥∥∇φn+1
j,h ∥+ |νj − νm,j |

2
(1− θ)∆t∥∇wt(s

∗∗∗)∥∥∇φn+1
j,h ∥
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|G1(t,vj ,wj ,φ
n+1
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44
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